KAM theory for the 
Hamiltonian derivative wave equation 



Massimiliano Berti, Luca Biasco, Michela Procesi 



Abstract: Wc prove an infinite dimensional KAM theorem which implies the existence of Cantor 
families of small-amplitude, reducible, elliptic, analytic, invariant tori of Hamiltonian derivative wave 
equations. 

2000AMS SUBJECT classification: 37K55, 35L05. 

53: 

^ ■ 1 Introduction 

In the last years many progresses have been done concerning KAM theory for nonlinear Hamiltonian 
PDEs. The first existence results were given by Kuksin [TB] and Wayne [H] for semilinear wave (NLW) 
and Schrodinger equations (NLS) in one space dimension (Id) under Dirichlet boundary conditions, 
see [24|-[25] and [21] for further developments. The approach of these papers consists in generating 
iteratively a sequence of symplectic changes of variables which bring the Hamiltonian into a constant 
coefficients (=reduciblc) normal form with an elliptic (=linearly stable) invariant torus at the origin. 
Such a torus is filled by quasi-periodic solutions with zero Lyapunov exponents. This procedure 
requires to solve, at each step, constant-coefficients linear "homological equations" by imposing the 
"second order Mclnikov" non-resonance conditions. Unfortunately these (infinitely many) conditions 
are violated already for periodic boundary conditions. 

In this case, existence of quasi-periodic solutions for semilinear Id-NLW and NLS equations, was 
first proved by Bourgain [3] by extending the Newton approach introduced by Craig- Wayne ^ for 
periodic solutions. Its main advantage is to require only the "first order Mclnikov" non-resonance 
conditions (the minimal assumptions) for solving the homological equations. Actually, developing this 
perspective, Bourgain was able to prove in [4], [6] also the existence of quasi-periodic solutions for 
NLW and NLS (with Fourier multipliers) in higher space dimensions, see also the recent extensions in 
[T] , [55] . The main drawback of this approach is that the homological equations are linear PDEs with 
non-constant coefficients. Translated in the KAM language this implies a non-reducible normal form 
around the torus and then a lack of informations about the stability of the quasi-periodic solutions. 

Later on, existence of reducible elliptic tori was proved by Chierchia-You [7] for semilinear Id- 
NLW, and, more recently, by Eliasson-Kuksin [12] for NLS (with Fourier multipliers) in any space 
dimension, see also Procesi- Xu ^7\, Ceng- Xu- You jl4| . 

An important problem concerns the study of PDEs where the nonlincarity involves derivatives. A 
comprehension of this situation is of major importance since most of the models coming from Physics 
are of this kind. 

In this direction KAM theory has been extended to deal with KdV equations by Kuksin [l9]-|20j. 
Kappeler-Poschel [T7], and, for the Id-derivative NLS (DNLS) and Benjiamin-Ono equations, by Liu- 
Yuan [22j . The key idea of these results is again to provide only a non-reducible normal form around 
the torus. However, in this cases, the homological equations with non-constant coefficients are only 
scalar (not an infinite system as in the Craig- Wayne-Bourgain approach). We remark that the KAM 
proof is more delicate for DNLS and Benjiamin-Ono, because these equations are less "dispersive" than 
KdV, i.e. the eigenvalues of the principal part of the differential operator grow only quadratically at 
infinity, and not cubically as for KdV. As a consequence of this difficulty, the quasi-periodic solutions 
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in [T^, [T^ are analytic, in [55], only C°°. Actually, for the applicability of these KAM schemes, the 
more dispersive the equation is, the more derivatives in the nonlincarity can be supported. The limit 
case of the derivative nonlinear wave equation (DNLW) -which is not dispersive at all- is excluded by 
these approaches. 

In the paper [5] (which proves the existence of quasi-periodic solutions for semilincar Id-NLS 
and NLW), Bourgain claims, in the last remark, that his analysis works also for the Hamiltonian 
"derivation" wave equation 



ytt - Vxx + 9{x)v = [ - —) F{x,y), 



see also [5], page 81. Unfortunately no details arc given. However, Bourgain [S] provided a detailed 
proof of the existence of periodic solutions for the non-Hamiltonian equation 

ytt - yxx + my + y1 = Q, m 7^ . 

These kind of problems have been then reconsidered by Craig in for more general Hamiltonian 
derivative wave equations like 

ytt-yxx+g{x)y + f{x,D'^y)^0, xGT, 



where g{x) > and D is the first order pseudo-differential operator D := \/ —dxx + 9[x). The 
perturbative analysis of Craig- Wayne for the search of periodic solutions works when /? < 1. The 
main reason is that the wave equation vector field gains one derivative and then the nonlinear term 
f{D^u) has a strictly weaker effect on the dynamics for (3 < 1. The case /S ~ 1 is left as an open 
problem. Actually, in this case, the small divisors problem for periodic solutions has the same level 
of difficulty of quasi-periodic solutions with 2 frequencies. 

The goal of this paper is to extend KAM theory to deal with the Hamiltonian derivative wave 
equation 

ytt~yxx + my + f{Dy) ^Q, m>0, D := v^-^^x + m , xeT, (1.1) 
with real analytic nonlinearities (see Remark 1 7. ip 

/(,5) = a.s3 + ^^s^ a^O. (1.2) 

*;>5 

We write equation (|1.1[) as the infinite dimensional Hamiltonian system 

ut = -iduH , ut = iduH , 

with Hamiltonian ^ 

H{u,u):= f uDu + F(^^^-p^^dx, F{s) -.^ f /, (1.3) 



in the complex unknown 



-^{Dy + iyt), u := ^{Dy - iyt) , i := \^ . 



Setting u = ^^Wjc'-'^ (similarly for u), we obtain the Hamiltonian in infinitely many coordinates 



(1.4) 



2 



where 

A, := + m (1.5) 
are the eigenvalues of the diagonal operator D. Note that the nonlinearity in (jl.ip is x-independent im- 
plying, for (jl.3p . the conservation of the momentum — i / ud^udx. This symmetry allows to simplify 

somehow the KAM proof (a similar idea was used by Geng-You jl3j). 

For every choice of the tangential sites Z := {j i, . . . , j„} C Z, n > 2, the integrable Hamiltonian 
XjUjUj has the invariant tori {ujUj = ^j, for j G I , Uj = Uj = for j ^ 1} parametrized by the 

actions ^ = {^j)j^x G M". The next KAM result states the existence of nearby invariant tori for the 
complete Hamiltonian H in (|1.4p . 

Theorem 1.1. The equation (jl.ip - (|1.2[) admits Cantor families of small- amplitude, analytic, quasi- 
periodic solutions with zero Lyapunov exponents and whose linearized equation is reducible to constant 
coefficients. Such Cantor families have asymptotically full measure at the origin in the set of param- 
eters. 

The proof of Theorem II. II is based on the abstract KAM Theorem 14. II which provides a reducible 
normal form (see (j4.12[) ) around the elliptic invariant torus, and on the measure estimates Theorem 
14.21 The key point in proving Theorem 14.21 is the asymptotic bound (|4.9p on the perturbed normal 
frequencies after the KAM iteration. This allows to prove that the second order Melnikov 

non-resonance conditions (j4.1ip arc fulfilled for an asymptotically full measure set of parameters 
(see (|4.16|) '). The estimate (|4.9p . in turn, is achieved by exploiting the quasi- Toplitz property of the 
perturbation. This notion has been introduced by Procesi-Xu |27j in the context of NLS in higher 
space dimensions and it is similar, in spirit, to the Toplitz-Lipschitz property in Eliasson-Kuksin 
|12j . The precise formulation of quasi- Toplitz functions, adapted to the DNLW setting, is given in 
Definition 13.41 below. 



Let us roughly explain the main ideas and techniques for proving Theorems 14.11 14.21 These 
theorems concern, as usual, a parameter dependent family of analytic Hamiltonians of the form 

H = c^(0 • y + niO ■ zz + P(x, y, z, z; (1.6) 

where {x,y) e T" x R", z,z are infinitely many variables, w(f) e R", fi(0 e R°° and ^ G R". The 
frequencies i^j{£,) are close to the unperturbed frequencies Xj in (jl.Sp . 

As well known, the main difBculty of the KAM iteration which provides a reducible KAM normal 
form like (j4.12p is to fulfill, at each iterative step, the second order Melnikov non-resonance conditions. 
Actually, following the formulation of the KAM theorem given in [2, it is sufficient to verify 

|w-(C).fc + Or(0-Of(0|> Y^l^, 7>0, (1.7) 

only for the "final" frequencies ^-^d r2°°(^), see (|4.1ip . and not along the inductive iteration. 

The application of the usual KAM theory (see e.g. [18], [24]- [25]), to the DNLW equation provides 
only the asymptotic decay estimate 

f^r(C)=J+0(l) for (1.8) 

Such a bound is not enough: the set of parameters ^ satisfying (|1.7p could be empty. Note that for 
the semilinear NLW equation (see e.g. [21]) the frequencies decay asymptotically faster, namely like 

f^r(o=j+o(i/j). 

The key idea for verifying the second order Melnikov non-resonance conditions (|1.7p for DNLW is 
to prove the higher order asymptotic decay estimate (see (j4.9p . (|4.2p ) 

n^{0^J+a+{0 + :p + O{-^) for j>0{^-'/') (1.9) 
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where a+(^) is a constant independent of j (an analogous expansion holds for j — —oo with a 
possibly different limit constant a_(^)). In this way infinitely many conditions in (jl.7p are verified 
by imposing only first order Melnikov conditions like \lu°°{^) ■ k + h\> 2^'^^^ /\k\'^ , h ^Z,. Indeed, for 
i> i> 0(|fc|^7-i/3), we get 

> 2^'/^\kr - oi\k\/f) - o(7'/Vj) > i^^'\kr 

noting that i — j is integer and \i — j\ = 0(|fc|) (otherwise no small divisors occur). We refer to section 
inifor the precise arguments, see in particular Lemma 16.21 

The asymptotic decay (|4.9p for the perturbed frequencies ri°°(C) is achieved thanks to the "quasi- 
Toplitz" property of the perturbation (Definition 13.41) . Let us roughly explain this notion. The new 
normal frequencies after each KAM step are fi^ — ilj+Pj where the corrections Pj are the coefficients 
of the quadratic form 

P°zz P^'^f^i ' Pj I i9l,^P){x, 0, 0, 0; ^ dx . 

We say that a quadratic form P° is quasi- Toplitz if it has the form 

po = T + R 

where T is a Toplitz matrix (i.e. constant on the diagonals) and i? is a "small" remainder satisfying 
Rjj = 0{l/j) (see Lemma . Then (jl.9p follows with a := Tjj which is independent of j. 

Since the quadratic perturbation P° along the KAM iteration does not depend only on the 
quadratic perturbation at the previous steps, we need to extend the notion of quasi- Toplitz to general 
(non-quadratic) analytic functions. 

The preservation of the quasi-Toplitz property of the perturbations P at each KAM step (with 
just slightly modified parameters) holds in view of the following key facts: 

1. the Poisson bracket of two quasi-Toplitz functions is quasi-Toplitz (Proposition 13. 1| ) . 

2. the hamiltonian flow generated by a quasi-Toplitz function preserves the quasi-Toplitz property 
(Proposition 13. 2p , 

3. the solution of the homological equation with a quasi-Toplitz perturbation is quasi-Toplitz 
(Proposition 15. ip . 

We note that, in [H], the analogous properties 1 (and therefore 2) for Toplitz-Lipschitz functions is 
proved only when one of them is quadratic. 

The definition of quasi-Toplitz functions heavily relies on properties of projections. However, for 
an analytic function in infinitely many variables, such projections may not be well defined unless the 
Taylor-Fourier series (see (|2.28p ) is absolutely convergent. For such reason, instead of the sup-norm, 
we use the majorant norm (see (|2.f 2p . (|2.54p ). for which the bounds (|2.14p and (|2.55p on projections 
hold (see also Remark l2.4p . 

We underline that the majorant norm of a vector field introduced in (|2.54p is very different from 
the weighted norm introduced by Poschel in |23|-Appendix C, which works only in finite dimension, 
see comments in |23| after Lemma C.2 and Remark 12.31 As far as we know this majorant norm of 
vector fields is new. In Section[5]we show its properties, in particular the key estimate of the majorant 
norm of the commutator of two vector fields (see Lemma I2.I5P . 

Before concluding this introduction we also mention the recent KAM theorem of Grebert-Thomann 
|16| for the quantum harmonic oscillator with semilinear nonlinearity. Also here the eigenvalues grow 
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to infinity only linearly. We quote the normal form results of Delort-Szeftel [TO], Delort [TT], for 
quasi-linear wave equations, where only finitely many steps of normal form can be performed. Finally 
we mention also the recent work by Gcrard-GrcUicr |15| on Birkhoff normal form for a degenerate 
"half-wave" equation. 

The paper is organized as follows: 

• In SECTION [2] we define the majorant norm of formal power series of scalar functions (Defini- 
tion 12. 2p and vector fields (Definition 12. 6p and we investigate the relations with the notion of 
analiticity, see Lemmata 12.11 12.21 12.31 12.111 and Corollary 12.11 Then we prove Lemma 12.151 on 
commutators. 

• In SECTION Owe define the Toplitz (Definition 13. 3p and Quasi- Toplitz functions (Definition [33) • 
Then we prove that this class of functions is closed under Poisson brackets (Proposition [3TT]) and 
composition with the Hamiltonian flow fProposition 13 . 2| ) . 

• In SECTION Hlwe state the abstract KAM Theorem Ol The first part of Theorem 01 follows by 
the KAM Theorem 5.1 in [5]. The main novelty is part II, in particular the asymptotic estimate 
(|4.9[) of the normal frequencies. 

• In SECTION [5] we prove the abstract KAM Theorem 14.11 

We first perform (as in Theorem 5.1 in [2]) a first normal form step, which makes Theorem 14. II 
suitable for the direct application to the wave equation. 

In Proposition 15.11 we prove that the solution of the homological equation with a quasi-Toplitz 
perturbation is quasi-Toplitz. Then the main results of the KAM step concerns the asymptotic 
estimates of the perturbed frequencies (section I5.2.3|) and the Toplitz estimates of the new 
perturbation (section I5.2.4p . 

• In SECTION [H] we prove Theorem 14.21 the second order Melnikov non- resonance conditions are 
fulfilled for a set of parameters with large measure, see (|4.16p . We use the conservation of 
momentum to avoid the presence of double eigenvalues. 

• In SECTION [7]we finally apply the abstract KAM Theorem|lTT]to the DNLW equation (frT|) - ([L^ . 
proving Theorem ll.il We first verify that the Hamiltonian (|1.4p is quasi-Toplitz fLemma l7.ip . 
as well as the Birkhoff normal form Hamiltonian (|7.8p of Proposition 17.11 The main technical 
difficulties concern the proof in Lemma 17.41 that the generating function (|7.17l) of the Birkhoff 
symplectic transformation is also quasi-Toplitz (and the small divisors Lemma [7.21) . In section 
I7.2l we prove that the perturbation, obtained after the introduction of the action-angle variables, 
is still quasi-Toplitz (Proposition 17. 2p . Finally in section [7751 we prove Theorem [TTT] applying 
Theorems |4?T] and 14.21 

Acknowledgments : Wc thank Bcnoit Grcbert for pointing out a technical mistake in the previous 
version. 

2 Functional setting 

Given a finite subset I C Z (possibly empty), a > 0,p > 1/2, we define the Hilbert space 
= ^,eC : := ^ |z, | V^l^l (jf^ < oo} . 

When I = we denote i""'^ := £j'^. We consider the direct product 

£; := C" X C" X e^'P X (2.1) 
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where n is the cardinality of I. We endow the space E with the (s, r)-weighted norm 

V = {x,y,z,z) € E , \\v\\e := \\v\\E.s,r = \ 5- H (2.2) 

s r r 

n 

where, < s,r < 1, and |a;|oo := max \xh\, \y\i ■= / \yh\- Note that, for all s' < s, r' < r, 

h—l,...,n ^ — ^ 
h=l 

\\v\\E,s',r' < max{s/s', ir/r'j'}\\v\\E,s,r ■ (2.3) 

We shall also use the notations 



+ 

- -'J 

0)1 



Zj — Zj , Zj — 



We identify a vector v & E with the sequence {t' IjeJ with indices in 
and components 

:= X,, , := y,, (1 < n < n), z;^^-^^) -.^ z,, , v^''=^-^ := z,, (j, eZ\I), 

more compactly 

u^"'"''' := a; , w^^''-' := y, , w^"^''^ := z, , w*-^''^ := z . 

We denote by {ejjj^j the orthogonal basis of the Hilbert space E, where Cj is the sequence with 
all zeros, except the j2-th entry of its ji-th components, which is 1. Then every v G E writes 
V = v^^^'cj, f S C. We also define the toroidal domain 

D{s, r) x D{r) := x x Br x Br d E (2.5) 

where D{r) := i?,.2 x Br x Br, 

{x e C" : ^max |Imx,,| < s} , 5^2 := |y e C" : < r^} (2.6) 

and Br C i^^ is the open ball of radius r centered at zero. We think T" as the rt-dimensional torus 
T" 27rM"/Z", namely / : D{s, r) — > C means that / is 27r-periodic in each cc^-variable, h = 1, . . . , n. 

Remark 2.1. // ?i = then D{s, r) = Br x Br C T'P x T'^. 

2.1 Majorant norm 
2.1.1 Scalar functions 

We consider formal power series with infinitely many variables 

fiv)^fix,y,z,z)= /M.",/3e"=-V^"z'' (2.7) 

with coefficients fk,i,a,p G C and multi-indices in 

I := X N" X X N(^\^) (2.8) 

where 

N(^\^' := {a := (aj)jez\i € with |a| := ^ < +00} . (2.9) 

In (|2.7p we use the standard multi- indices notation z"z^ :— Tlj^z\x ^j"' ■ We denote the monomials 

mka.a^fi{v) ^mk,z^a.fiix,y,z,z) := e"'''^y'z"z'' . (2.10) 
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Remark 2.2. Ifn = the set I reduces to x and the formal series to f{z, z) = fa^p z°'z^ . 

(a,/3)el 

Wc define the "majorant" of / as 

{Mf){v)^{Mf){x,y,z,z):= ^ I/m.^.^Is'^'V^"^^ • (2.11) 

We now discuss the convergence of formal series. 
Definition 2.1. A series 

(fc,i,Q,,9)Gl 

is absolutely convergent if the function I 9 {k,i,a,l3) i— >■ Ck,i,a,/3 & C is in L^(l,iJ.) where fi is the 
counting measure of I. Then we set 

Ck.i,a,i3 ■— / Ck.i,a,pd^. 
(k,i,a,l3)& •'^ 

By the properties of the Lebesgue integral, given any sequence {//};>o of finite subsets /; C I with 
/; C and U/>o/; = I, the absolutely convergent series 

Ck,i,a,l3 ■= ^ ^k,i,a,p = ^ ^k,i,a,li ■ 

k,i,a,P {k.i,a.p)el °° {k.i,a.l3)eli 

Definition 2.2. (Majorant-norm: scalar functions) The majorant-norm of a formal power series 

11/11.,.:= sup (2-12) 

where \k\ := \k\i := + . . . + |fc„|. 

By dlTD and (^1^ we clearly have ||/||s,r = ||A//|U,r- 
For every subset of indices / C L we define the projection 

injf){x,y,z,z)-^ 51 .fk.^,a,f|e"'■''fz''z^ (2.13) 

{k,i,a,l3)Gl 

of the formal power series / in (j2.7p . Clearly 

I|n7/|l,,,,< ll/iu,, (2.14) 

and, for any /, /' C I, it results 

UiUi, =Ilinr =Iii'Tli. (2.15) 
Property (|2.14p is one of the main advantages of the majorant-norm with respect to the usual sup-norm 

1/1,,,:= sup \fiv)\. (2.16) 

vtz-D{s,r) 

We now define useful projectors on the time Fourier indices. 
Definition 2.3. Given <; = (<ri, . . . ,<;„) e { + , — }" we define 

A n?/ nzjxN"xN('^\2;)xN(2\^)/ = X/ fk,t,a,p e'''''^y^z°'z'^ (2.17) 

where 

Z":=(fceZ" with P'^-O if Q. = + vi</i<n|. (2.18) 

' ^ U,, < if = - - - i 
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Then any formal scries / can be decomposed as 

/- E nj (2.19) 

<,-£{ + .-}" 

and (PH)) implies ||nj||,^,. < j|/l|s,r- 

We now investigate the relations between formal power series with finite majorant norm and 
analytic functions. We recall that a function / : £)(s, r) — >• C is 

• ANALYTIC, if / e C^{D{s, r), C), namely the Frechet differential D{s, r) 3 v h-> df{v) G C{E, C) 
is continuous, 

• WEAKLY ANALYTIC, if Vu G D{s, r), v' & E \ {0}, there exists e > such that the function 

UeC, lei <£} ^ .f{v + ^v')eC 

is analytic in the usual sense of one complex variable. 

A well known result (see e.g. Theorem 1, page 133 of [55]) states that a function / is 

analytic ■^=> weakly analytic and locally bounded . (2.20) 

Lemma 2.1. Suppose that the formal power series (j2.7p is absolutely convergent for all v G D(s,r). 
Then f{v) and Mf{v), defined in (j2.7|) and (j2.1ip . are well defined and weakly analytic in D{s,r). 
If, moreover, the sup-norm \ f\s.r < oo, resp. \M f\s^r < oo, then f, resp. Mf, is analytic in D{s,r). 

Proof. Since the series (j2.7p is absolutely convergent the functions /, M/, and, for all <^ G {+, — }", 
:= n^/, Mf^ (see (|2.17p ) are well defined (also the series in (|2.17|) is absolutely convergent). 
We now prove that each Mf^ is weakly analytic, namely Vv S D{s, r), v' £ E \ {0}, 

Mf,{v + ^v')^ \fk,.,c.,fi\mk,,,c.Ay + i^') (2-21) 

is analytic in {|^| < e}, for e small enough (recall the notation (j2.10p V Since each ^ i— > mk.i,a.p{v + 
S^v') is entire, the analyticity of Mf^{v + ^v') follows once we prove that the series (|2.2ip is totally 
convergent, namely 

Y \fk,i,a,l3\ sup \mk,i,a,l3{v + ^v')\ < +O0 . (2.22) 

Let us prove p.22p . We claim that, for e small enough, there is v'^ G D{s,r) such that 

sup \mk,^,a.p{v + ^v')\ < mk.^,c,p{v') , Vfc e Z^,i,a,/3. (2.23) 

Therefore (j^:^ follows by 

\fk,i,a,l3\ Snp \mk,i,a,(3{v + ^v')\ < ^ \fk,i,a,l3\mk,i,a,l3{v'^) 

= M/,(w^)<+oo. 

Let us construct € D{s,r) satisfying (|2.23|) . Since v ~ {x,y,z,z) G D{s,r) we have x € T" and, 
since T" is open, there is < s' < s such that |Im(x;i)| < s' , Vl < h < n. Hence, for e small enough, 

sup |lm(a; + ^.T')h.| < s' < s, yi<h<n. (2.24) 
l«l<^ 
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The vector v'^ :~ (x'' ,y'' , z'' , z"") with components 

xl:^~khs', yl ■= \yh\ + e\y'h\ , l<h<n, 



\zh\+e\z'^\, zl:^\zh\+e\z'^\, heZ, (2.25) 



belongs to D{s,r) because |Inix^| = s' < s, VI < ft, < n, and also {y'' , z'' , z'') g D{r) for e small 
enough, because {y,z,z) G D{r) and D{r) is open. Moreover, V/e G Z", by (PTM)) . ([^JS)) and ([223), 

sup |e"=-(^+«^')| < el'^l''' = e"=-^' . (2.26) 

l?l<£ 

By (|2.10p . (j2.25p . (j2.26p . wc get (|2.23p . Hence each Mf^ is weakly analytic and, by the decomposition 
(|2.19p . also / and Mf are weakly analytic. The final statement follows by (|2.20p . ■ 

Corollary 2.1. // ||/||s,r < +oo then f and AI f are analytic and 

\f\s,rAM.fkr < \\f\\s,r- (2.27) 

Proof. For all v = (x, y, z, z) G T" x D{r), we have |e''''^| < e''"''' and 

1/(^)1 , \Mf{v)\ < l/M,c./3|el'=lly'||z"||z''| \\f\\s,r < +00 

by assumption. Lemma 1 2 . II implies that /. Mf arc analytic. ■ 

Now, we associate to any analytic function / : D{s,r) — > C the formal Taylor-Fourier power series 

f^:- E e'^^-^y^z^z^ (2.28) 

(fc,i,a,/3)Gl 

(as (|2.7p ) with Taylor-Fourier coefficients 



h,..,, y^^e---^(a;a,"af/)(x,o,o,o)dx (2.29) 

where dyd"dg f are the partial dcrivativcfQ. 

What is the relation between / and its formal Taylor-Fourier scries f ? 

Lemma 2.2. Let f : D{s,r) — > C 6e analytic. If its associated Taylor- Fourier power series (j2.28[) - 
(|2.29p is absolutely convergent in D(s,r), and the sup-norm 

I V /fc,.,a,/3 e'^-^y^z"z'' <cx), (2.3f) 

i/ien f = f, Vtj G D{s,r). 

Proof. Since the Taylor-Fourier series (|2.28p - (|2.29p is absolutely convergent and (|2.3f p holds, by 
Lemma l^TTl the function f : D{s, r) — > C is analytic. The functions / = f are equal if the Taylor- Fourier 
coefficients 

fk,i,a,i3 = ik,i,a,0 , yk,i,a,l3, (2.32) 



^For a multi-index a = y ' e^^ , \a\ = k, the partial derivative 

l<j<k 



gk 

d"f[x,y,z,z):=- — f{x,y,z + Tie^ -{-... + Tke^ z) . (2.30) 

OTl . . . dTf, i^^o 
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where the coefficients fk.i,a.i3 are defined from f as in (j2.29p . Let us prove (|2.32p . Indeed, for example, 

f0,0,e,.,0 ^ -JTT-r^, I -TZ ^ fkfi.,menfiG'^"''X"' (2-33) 

(27rj Jt" d4|j=0fcg2„_„gp, 

f d ik-x /-m r 

using tliat ttie above series totally converge for r' < r, namely 

(0, 0, r'e/i, 0)1 < oo 

recall (|2.10p . For the others k,i,a,P in (|2.32p is analogous. ■ 

The above arguments also show the unicity of the Taylor- Fourier expansion. 

Lemma 2.3. // an analytic function f : D{s,r) — >■ C equals an absolutely convergent formal series, 
i.e. f{v) = ^ fk,i,a,i3e'''''^y^z"z^ , then its Taylor- Fourier coefficients (|2.29p are fk,i,a,p = fk,i,a,i3- 

k,i.a,/3 

The majorant norm of / is equivalent to the sup-norm of its majorant M f. 
Lemma 2.4. 

\MfU.r < ||/||.,r< 2"|Af/U,,. (2.34) 
Proof. The first inequality in (|2.34p is (|2.27p . The second one follows by 

||nj|U,,< |M/U,, £{+,-}", (2.35) 
where H^f is defined in (|2.17p . Let us prove (j2.35[) . Let 

D+{r) := {{y,z,z) e D{r) : yh>0,yi<h<n, z,, > , V Z G Z \ l} . 
For any < ct < s, we have 

\Mf\s,r = sup I ^ |/fc,^,a,^|e"=-"2/*z"z'^| 

> sup I ^ \fk,^.a,0\e"'■^y'z"z^ 
xi = -kitT,...,Xn = -kna-,iv,^,^)'SD+{r) k.i,a.P 

> sup IAv-.0|el'=l"|y1|z"||z^| 

sup Yl l/M.o./j|ei'iny'lk"ll^^l = l|nj||.,.. 

Then (|2.35l) follows since for every function g we have sup Hgjlcr,,- = il.9||s.r • ■ 

0<a<s 



Definition 2.4. (Order relation: scalar functions) Given formal power 



series 



k,i.a,P k,i,a^l3 

with gk,i,a.p G M^, we say that 

f<g if \fks,a,p\< gk,i,a,p , yk,i,a.,l3 . (2.36) 
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Note that, by the definition (|2.1ip of majorant series, 

f^g ^ f<Mf<g. (2.37) 

Moreover, if \\g\\s.r < +00, then / -< g =^ ||/||s,r < !l.9l|s,r- 
For any G { + , -}" define := {q[^'')jej as 

I 1 otherwise . 

Lemma 2.5. Assume ||/||s,r, ||.9||s.r < +00. Then 

f + g^Mf + Mg, f-g^Mf-Mg (2.39) 

and 

Af(a,(n,/)) =qp)9,(A/(nj)), jej, (2.40) 

where dj is short for d^u) and qp-* are defined in (|2.38p . 

Proof. Since the series which define / and g are absolutely convergent, the bounds (|2.39[) follow 
by summing and multiplying the series term by term. Next (|2.40p follows by differentiating the series 
term by term. ■ 

An immediate consequence of (j2.39p is 

11/ + g\kr < WfWs.r + hWs.r , \\fg\\s,r < II / lU.r |1 .9 |U.. ■ (2.41) 

The next lemma extends property (j2.39p for infinite series. 

Lemma 2.6. Assume that f^^\ g'--'-' are formal power series satisfying 

1. /(J") < g^'\ yj e J, 

2. \\g<-^^\Ur<(^,y:j ej, 

V £ D{s, r), 

4- g{v) := g^-'-* (v) is bounded in D{s,r), namely \g\s,r < oo. 

Then the function g : D{s, r) — > C is analytic, its Taylor- Fourier coefficients (defined as in (|2.29p ) are 

gk,^.a,0 = Y.9k,Up^O^ V(fc,z,a,/3)el, (2.42) 

and \\g\\s,r < oo. Moreover 

1. \f^^\v)\ < oo, Vw e D{s,r), 



2. f{v) := (w) is analytic in D{s,r), 

3. f ^g and \\f\\s,r < \\g\\s,r < oo. 
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Proof. For each monomial mk.i.a,p{'>j) (see (|2.10p ) and v — {x,y,z,z) S D{s,r), we have 

\mkA,a,i3{v)\ ^ mk.i,a.p{v+) , (2.43) 

where v+ := (ilma;, \y\, \z\, \z\) G D{s,r) with \y\ := i\yi\, ■ ■ ■ , \yn\) and |z|, \z\ are similarly defined. 
Since Hff*--'^ ||s,r < oo (and /^■'^ -< g^^^) the scries 

:= ^L^^,^,o.,p{v) , > (2.44) 

is absolutely convergent. For all v e D(s,r) we prove that 

EY^ I (j) / M 011,1233 (j) , , 

jej k,i,a,P jej k,i,a,l3 

Y,9^'\v+)^9iv+) <^ (2.45) 

by assumption |3l Therefore, by Fubini's theorem, we exchange the order of the series 

5(^0 = E E 9i'.Upm,^,c,Av) ^ E (E5S,a,^)"^M.a./3(«) (2-46) 

jGj k,i,a,l3 k,i,a,P j£j 

proving that g is equal to an absolutely convergent series. Lemma l2. II and the assumption \g\s,r < oo 
imply that g is analytic in D{s,r). Moreover (j2.46p and Lemma [2.31 implv (|2.42p . The gk.i,a.p > 
because gl^l ^ ^ >0, see (j2.44p . Therefore Mg — g, and, by (|2.34p and the assumption \g\s,r < oo, we 
deduce HffHs.r < oo. 

Concerning / we have 

E l/^'H^OI < E E \fkLprak,^o.Av)\<Y. E 5i:L,,|mM,a,,(«)l'^oo 

jej jej kA,a,P jeJkA.a.p 

and, arguing as for g, its Taylor- Fourier coefficients are fk,i,a,/3 = fkl a fj^ ^{^i^tOLi P) G I- Then 

\fk,i,a,p\ < E \fk',la,l3\ ^ E 9k.la,f3 5fc,^a,/3 ■ 



Hence f < g and ||/|| s.r < ll.9l|s.r < oo. Finally / is analytic by Lemma [2TT1 ■ 
Lemma 2.7. Let \\f\\s,r < oo. Then, VO < s' < s, < r' < r, we /lawe < oo. 

Proof. It is enough to prove the lemma for each = H^f defined in (j2.17p . By ||/||s,r < oo and 
Corollarv l2.1l the functions f^, Mf^ are analytic and 



for a suitable c := c(n, s, s' , r, r'), having used the Cauchy estimate (in one variable). ■ 
We conclude this subsection with a simple result on representation of differentials. 

Lemma 2.8. Let f : D{s,r) — >■ C &e Frechet dijferentiable at vq. Then 

df{vo)[v] - E 9jf{vo)v'^'^ , V« = E ^'^''^J ^ ^ ' (2.47) 

and 

E \9ifivoW'^\ < \\dfivo)\\ciE,c)ME. (2.48) 
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Proof. (|2.47p follows by the continuity of the differential d/(uo) G C{E, C). Next, consider a vector 
V — (-D(^')jgj- e E such that \vj\ = \vj\ and 

i^^\d,f)ivo)^\id,f)ivo)v^^^\ , yjej. 
Hence d/(?;o)[w] = ^ i^^'> {dj f){vo) = ^ |(aj/)(i;o)w^^'^ | which gives l^m because H^jU = \\v\\e. ■ 



2.1.2 Vector fields 

We now consider a formal vector field 



X 



where each component X^-'^ is a formal power series 



as in (j2.7p . We define its "majorant" vector field componentwise, namely 



MX(v) := ( (MXj'-^^v)) ( MX^^Uv 

V Jjej \ 



(2.49) 



(2.50) 



(2.51) 



We consider vector fields X : D{s,r) d E ^ E, see (|2.ip . 

Definition 2.5. T/ie vector field X is absolutely convergent at v if every component 
is absolutely convergent (see Definition \2. 1]) and 



{X^^Hv)) 



< +00 . 



The properties of the space E in (|2.ip (as target space), that we will use are: 

1. i? is a separable Hilbert space times a finite dimensional space, 

2. the "monotonicity property" of the norm 

=^ ll^^olU < ll^^ilU. (2.52) 



vo,vi e E with lu^^'l < \v[^^\ ,yjej = 

For X : D{s, r) — > we define the sup-norm 

\X\s^r ■= sup \\X{v)\\E,s,r ■ 
veD{s,r) 



(2.53) 



Definition 2.6. (Majorant-norm: vector field) The majorant norm of a formal vector field X 
as in (|2.49p is 

mur sup ||( E , 

= sup ^ \Xk,i.a, 

{y.z,z)eD{r) H ^^^^^^^ 



(2.54) 



whe 



Xk,i,a,l3 ■■= {Xjfj^^l^) ^^j. and \Xk,i,a,l3\ '■= {\^k,la,l3\)jej ^ 
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Remark 2.3. The stronger norm (see W^) 



\X\s,r:= [ sup 



E,s,r 



is not suited for infinite dimensional systems: for X = Id we have \X\s_r = +00. 

By (|2.54p and p.5ip we get = || A^-'i^lls.r- For a subset of indices / C I we define the projection 

{k,i,a,l3)el 

Lemma 2.9. (Projection) V/ C I, 

\\niX\Ur<\\X\\,^r- (2.55) 

Proof. See ((^31)) . ■ 

Remark 2.4. The estimate (|2.55p may fail for the sup-norm \ \s_r and suitable I. 
Let us define the "ultraviolet" reps, infrared projections 

mki>KX)ix,y,z,z):= ^ Xk,^,a,p e'^'^y^z'^z^ , U^^kk ■= Id - U\ki>K. (2.56) 

\k\>K.i,a.,B 

Lemma 2.10. (Smoothing) VO < s' < s, 

\mk\>KX\\s',r < ^ e-^(^-^')||X||,,, . (2.57) 

Proof. Recall (1^31)) and use el*-'!^' < el'^l^e--^^^""'', V|fc| >K.m 
We decompose each formal vector field 

X= Il,X (2.58) 

<;£{+,-}" 



applying (|2.19p componentwise 
recaU ([2T7)) . Clearly ((2?55|) implies 



X, ■- n,X := ( U,X^^A (2.59) 



ll^dU.r < ||^||s,r. (2.60) 

In the next lemma we prove that, if X has finite majorant norm, then it is analytic. 
Lemma 2.11. Assume 

< +00. (2.61) 

Then the series in (j2.49p - (j2.50p . resp. (j2.5ip . absolutely converge to the analytic vector field X{v), 
resp. AIX[v), for every v G D{s,r). Moreover the sup-norm defined in (j2.53p satisfies 

\Xl^r, \MXl^r < \\X\\s,r. (2.62) 

Proof. By (|2.6ip and Definition 12.61 for each j e J, we have 

sup \xi%Je\'^\^W\\z'^\\z^\<+oo 
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and Lcmina l^TT] fand Corollarv l2.ip implies that each coordinate function X'^'^\ (MX)*-^' : D{s, r) ^ C 
is analytic. Moreover (|2.62p follows applying (|2.27p componentwise. By (|2.6ip the maps 

X , MX : D{s, r) E 

are bomided. Since _E is a separable Hilbert space (times a finite dimensional space), Theorem 3- 
Appendix A in implies that X, MX : D{s,r) — > E are analytic. ■ 

Viceversa, we associate to an analytic vector field X : D{s,r) E a. formal Taylor-Fourier vector 
field (p:i^ - (P3g)) developing each component X'^^'^ as in l^^-l^^. 

Definition 2.7. (Order relation: vector fields) Given formal vector fields X, Y, we say that 

X <Y 

if each coordinate A"'--'' -< Y'^^\ j e , according to Definition \2.4\ 
If \\Y\\s,r < +00 and 

X^Y =^ IIAIU,, < (2.63) 
Applying Lemma 12.51 component-wise we get 

Lemma 2.12. If \\X\\s^r,\\y\\s,r < 00 thenX + Y ^ MX + MY and \\X + Y\\.,^r < \\X\\s.r + \\Y\\,^r- 
Lemma 2.13. 

\MXU,r < \\X\\s,r < 2"|Af A|,,, . (2.64) 
Proof. As for Lemma [SHI with f X, \ ^ | || ^ and using (|2.52p . ■ 

We define the space of analytic vector fields 

Vs,r '■= Vs^r,E '■= |a : D{s,r) E with norm ||A||s^,. < +oo| . 

By Lemma [2. Ill if X G Vg^r then X is analytic, namely the Frechet differential D{s, r) 9 w 1-^ dX{v) G 
C{E,E) is continuous. The next lemma bounds its operator norm from {E,s,r) :~ (E, \\ ||£;.s,r) to 
{E,s',r'),see 1^. 

Lemma 2.14. (Cauchy estimate) Let X G Vs^r- Then, for s/2 < s' < s, r/2 <r'<r, 

sup \\dX{v)\\c((E.s,r)AE.s'.r'))<^5-^\X\s,r (2.65) 

where the sup-norm 1^1^,^^ is defined in (j2.53[) and 

(5:=min|l-^,l-^|. (2.66) 

Proof. In the Appendix. ■ 

The commutator of two vector fields A, Y : D{s, r) E is 

[X,Y]{v) dX{v)[Y{v)]- dY{v)[X{v)], yveD{s,r). (2.67) 

The next lemma is the fundamental result of this section. 

Lemma 2.15. (Commutator) Let X,Y e Vs,r- Then, for r/2 < r' < r, s/2 < s' < s, 

li[A,y]i|,-,,. < 2^"+'S-'\\X\\sAY\\,,r (2.68) 

where d is defined in (|2.66p . 
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Proof. The lemma follows by 

\\dX[Y]\\s',r' < 4"+25-i||X|l,,,,||r|U,, , (2.69) 

the analogous estimate for (iy[X] and (j2.67[) . 

We claim that, for each e {+, — }", the vector field defined in p.59p satisfies 

\\dX,[Y]\\s'.r' < 2"+^S-^\\X,\\s,r\\Y\\s,r (2.70) 

which implies (|2.69p because 

12381 , , JTtoI 



\\dX[Y]y.r- < J2 \\dX,[Y]\\s'y < J2 2"+2^-i||X,||,,,,||y||,,, 

?e{+,-}" <;£{+,-}" 

< 2"+2ri||x||,,,||r||,,, <4"+2ri||xj|,,,||r||,,,. 

';6{+ ,-}" 

Let us prove (|2.70p . First note that, since ||X<;||s.j. < j|X||s.r < +00 and H^Hs/r < +00 by 
assumption, Lemma 12.111 implies that the vector fields 

X„MX„Y,MY : D{s,r) ^ E , Vcr €{+,-}", (2.71) 

are analytic, as weU as each component A'/X^, y('), MF^*' : D(s, r) ^C, i e J. 
The key for proving the lemma is the following chain of inequalities: 



Lemma 



.malSH ^ ^,j^g^x(^)MY^^^ (2.72) 

^ q['^d, (AfX«)Mr(^) ^ d{MX(/)) [Y,] 

jeJ 

where 

Y, {Y^'^),ej {q^^^ MY^^^),ej e E. (2.73) 
Actually, since Ig^^^l = 1 (see (|238)l 'l. then 



\\Yq{v)\\E = \\MY{v)\\E ^< +00, Vz;€D(.s,r). (2.74) 

In (j2.72p above we applied Lemma 12.61 with 

r' , /(j') (9j-XW)rO) , ^ A/(ajXW)Mr(^) . (2.75) 

Let us verify that the hypotheses of Lemma 12.61 hold: 

1- -< 5^^' follows by (lOa and since ||/^^'^|U',r', IU',r' < +00 because < < 

+00, ||F^^'||s,r < W\\s.T < +00, and Lemma [2Jl 

2. Il^^''' lls'.r' < 00 is proved above. 
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3. We have < f^'" ^ D{s' ,r'), because 



J6J 



E |a,(AfXW)(iOA/yW(z;)| < \\dMX^\v)\\ciE,C)\\MY{v)\\E < + 

by ((2TT|) . ((2J4)) . Actually wc also proved that y^^) = q^/^dj{MX^^'^)MY'-^\ 
4. The function 

since MX^'*^ is differentiable (see ((2TT|) ) and (see ((2J4l) 'l. 

Moreover the bound |g|is',r' < oo follows by 



oo 



and 



\d{MX,) [Y, 



\g\s',r' = M(AfXW)[f^]|^,,, < \d{MX,)[Y,]U 



d{MX,){v)[Y,{v)] 
d{MX^){v) 



12331 

q\\s' ,r' = sup 

< sup 



C{{E.s,r),(E,s',r')) 



\Yq{v)\\E,s,r 



< 46-^\MX,l,r sup \\Yq{v)\\E,s.r 

vGD{s' ,r') 

46-'\\X,\\s,r sup \\{MY){v)\\E,s,r 
veD{s',r') 



< 



< 4ri|lX,|l,,,,|My|,,, < 4S~^X,\\,,r\\Y\\,,r < +^ (2.76) 
because |li^||s,r < +oo and < ll-'^l|s,r < +oo by assumption. 

Hence Lemma 12.61 implies 



namely, by (|2.37|) and Definition 12.71 

dX^[Y] -< M{dX^[Y]) -< d{MX^) [Yq 

Hence ((2J3)) is fully justified. By ((2J7)) and ((2:63)) we get 

J234I 



M^.MII.'.r' < \\d{MX,)[Y,]\\ 



2" 



M(^d{MX,)[Y,] 

d{MX,) [Yq 



(2.77) 



(2.78) 



because d{MX^) [Yg] coincides with its majorant by ([27r7)) . Finally ((2J0| follows by ([2778| . (|2J6l) . 
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2.2 Hamiltonian formalism 

Given a function H : D{s, r) C i? — > C we define the associated Hamiltonian vector field 

Xh := {dyH, -d^H, -id,H, id,H) (2.79) 

where the partial derivatives are defined as in (|2.30p . 
For a subset of indices / C I, the bound (|2.55p implies 

\\Xn,H\\s.r<\\XH\U,r- (2.80) 

The Poisson brackets are defined by 

{H,K} := {H.KY^y + {H,KY''^ 

:= (d.^H- dyK -d^K- dyH^ +i(d,H- d,K - d,H ■ dj<^ 

= d^H ■ dyK -d^K ■ dyH + id,+ H ■ d^- K - id^- H ■ d^+K 

= d^H ■ dyK - d^K -dyH + i ^ ad;,jHd^-..K (2.81) 

where " • " denotes the standard pairing a ■ b := ^ o-jbj- We recall the Jacobi identity 

j 

{{K, G}, H] + {{G, H],K] + {{H, A'}, G} - . (2.82) 
Along this paper we shall use the Lie algebra notations 

fe=0 

Given a set of indices 

2::={ji,.-.,jn}cZ, (2.84) 

we define the momentum 



1=1 '=1 iez\i 
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We say that a function H satisfies momentum conservation if {H,A4} = 0. 

By (|2.8ip . any monomial e^'^'^y^z°'z^ is an eigenvector of the operator ad^vi, namely 

{e''' ''y'z"z^,M} = 7r(fc, a, (3)e'''-''y'z"z^ (2.85) 

where 

n 

TT{k, a, 13) := Y^ih + ^'("J - '^j) • (2.86) 



1=1 ji 

We refer to 7r(fc, a, /3) as the momentum of the monomial e'^^'^y^z^z*^. A monomial satisfies momentum 
conservation if and only if 7r(fc,a,/3) = 0. Moreover, a power series (|2.7p with ||/||s,r < +oo satisfies 
momentum conservation if and only if all its monomials have zero momentum. 

Let O C M" be a subset of parameters, and 

f : D{s,r) xO with Xj : D{s,r) x O ^ E . (2.87) 
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For A > 0, wc consider 



:= l^/ls.. := sup|X/U,. + A|X/riP, (2.88) 
o 

\X}{£,)-Xf{r^)Ur 



:= sup + A sup ic I 

ceo C,r(eo, i^n I? ~ '71 

Note that | • | ^ ^ is only a semi-norm on spaces of functions / because the Hamiltonian vector field 
Xf = when / is constant. 

Definition 2.8. A function f as in (|2.87p is called 

• regular, if the sup-norm \Xf\s^r,o swp\X f\s^r < oo, see (j2.53[) . 

o 

• M-regular, if the majorant norm \\Xf\\s^r.o '■= ^'^Y>\\X f\\s,r < oo, see (|2.54p . 

o 

• A-regular, if the Lipschitz semi-norm \Xf\^^Q < oo, see (j2.88p . 

We denote by 'Hs,r the space of M-regular Hamiltonians and by "H""" its subspace of functions satisfying 
momentum conservation. 

When T — (namely there are no {x,y) -variables) we denote the space of M-regular functions 
simply by Tir, similarly "H""", and we drop s form the norms, i.e. \ ■ \r, || • \\n \ ■ \r,o, e^c. 

Note that, by and we have 

M — regular regular A — regular. (2.89) 

If H, F satisfy momentum conservation, the same holds for {H,K}. Indeed by the Jacobi identity 

{M,H} ^0 and {M,K} =0 =^ {M,{H,K}}^0. (2.90) 
For H,K E Hs.r we have 

X^H^K} - dXH[XK] - dXK[XH] - [Xh,Xk] (2.91) 
and the commutator Lemma 12.151 implies the fundamental lemma below. 
Lemma 2.16. Let H,K e Us,v Then, for all r/2 <r' <r, s/2 < s' < s 

\\X{H.K}\\s'^r' = \\[XH,XK]\\s'^r' < 2^''+'^ S'^ \\X h\\sAX K\\s,r (2.92) 

where S is defined in (|2.66p . 

Unlike the sup-norm, the majorant norm of a function is very sensitive to coordinate transforma- 
tions. For our purposes, we only need to consider close to identity canonical transformations that are 
generated by an A/-regular Hamiltonian flow. We show below that the M-regular functions are closed 
under this group and we estimate the majorant norm of the transformed Hamiltonian vector field. 

Lemma 2.17. (Hamiltonian flow) Let r/2 <r'< r, s/2 < s' < s, and F E Hs,r with 

WXfWs.t < V ■■= V(2^"+^e) (2.93) 

with S defined in (|2.66p . Then the time 1-hamiltonian flow 

^"p : D{s' y) ^ D{s,r) 

is well defined, analytic, symplectic, and, Vi7 G 'Hs.r, we have H o £ "Hg' y o.nd 

^ l-T] '-\\Xf\\s,,- 

Finally ifF,He H""" then H o <p], e n'^^y . 
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Proof. We estimate by Lie series the Hamiltonian vector field of 

i7'=i/oa>i.e-^i7=f:^^f:^, i-e.^.'=f:^, (2.95) 

fc=0 k=Q k=0 

where if^'^ := adi,{H) = adpiH'^"^^), H^°^ := H. 

For each k>0, divide the intervals [s',s] and [r',r] into k equal segments and set 

. s — s' , r — r' 

Si '.= S I - , Ti '.= T I ; , Z = U, . . . , /C . 

k k 

By ((2:92)) we have 

II^HwIU.n = \\[XF,XHi.-.AU.r. < 2^"+3<5-i|lX^(.-.,!U,_„.,_JlXf.lU,_„,,_, (2.96) 

where 

<5, min (1 - ^ , 1 - ^1 > ^ . (2.97) 



|U„n < 22"+3A:5-1||Xh(.-i, ||^FL._i,n_i , i = l,...,k. 



Sz-i r,-i J fc 

By ((2:96| - ((2J7| we deduce 

Iterating fc-times, and using ||XF||,si_i,ri_i < 4||Xj?||s^,. (see (|2.3p ') 

II^HC'jlls'.r' < (22"+5M-i)"|lXff||,.,||Xj.||^_,. (2.98) 
By (|2.95p . using k^ < e^kl and recalling the definition of 77 in (|2.93p . we estimate 

IMU Ell (2^"+^M-iX^|U..)^ 

fc=0 ■ /c=0 

proving (|2.94D . 

Finally, if F and iJ satisfy momentum conservation then each ad^iJ, fc > 1, satisfy momentum 
conservation. For fc = 1 it is proved in (|2.90p and, for fc > 1, it follows by induction and the Jacobi 
identity (|2.82p . By (|2.95p we conclude that also H o satisfies momentum conservation. ■ 

We conclude this section with two simple lemmata. 
Lemma 2.18. Let P = ^ Pfe,i,„,/3e"'''^y*z"z'^ and |Afe,j,a,/3| > 7(fc)"^, V|fc| < if, i, a, /3. Then 

\k\<K,i,a,l3 

F:= f*^'"'"'^ e'^-"y'z"z^ satisfies WXpWs.r < K^\\Xp\\s.r ■ 

Proof. By Definition and \Ak,i,a,p\ > "/I<^^ for all |fc| < K. ■ 
Lemma 2.19. Let -P = ^ Pj^j^j "with \\Xp\\r < 00. Then \Pj\ < \\Xp\\r. 

Proof. By and Definition [121 we have 



h\\a.p<r 

by evaluating at z[^'^ := (Jj^e""!^! (j)Pr/^/2. 



Xp||2 = 2 sup ^ \P^\^\^e'^\'^\{h)^P>\P,\' 

h\\a.p<r 
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3 Quasi-Toplitz functions 

Let Nq £ N, 9, ^ G M.he parameters such that 

1<6',^<6, 12N^'^ + 2kNI^-^ < I , K:=max|ji|, (3.1) 

1<1<71 

(the ji are defined in (|2.84D ') where 

0<6<L<1. (3.2) 

For N > No, wc decompose 
where 

^a.p _ ^a,p^^^ _ 1^ ^ (z+, Z-) e t^'P X 4''' : = , a = ± , V|j| > 6iV^} 
£7 := £^''(iV) {w = iz+,z~) G x : z J = , a = ± , unless 6iV^ < Ij] < 

t^v := tjf{N) = (z+, Z-) e x 4'^ : z J = , a = ± , V|j| < iv} . 

Note that by p.ip - p.2p the subspaces n = and ^ 0. Accordingly we decompose any 

w G X as = wl +WR + WH 

and we call wl & ("j^^ the "low momentum variables" and wh € the "high momentum variables" . 
We split the Poisson brackets in (|2.8ip as 

{■.■} = {;-Y^' + {;Y + {;■}" + {;■}" 

where 

{H,K}" -.^i ad,jHd^-.K. (3.4) 

(T=±, |i|>cAf 

The other Poisson brackets {•, - j^, {•, are defined analogously with respect to the splitting p.3p . 

Lemma 3.1. Consider two monomials m = Ck,i,a,i3e^^'^ if" z"' and m' = cj^/ j/ ^/e'''" '^y' z" . 
The momentum o/ mm', {m,m'}, {mjm'}"^'^, {m,m'}^, {m, m'}^, {m,m'}^, equals the sum of the 
momenta of each monomial m, m . 

Proof. By ((2:86l) . ([ZM]) . and 

7r(fc + fc', a + a', /3 + ^') = 7r(fc, a, ^) + 7r(fc', a', /3') = 7r(fc, a - Cj, /3) + 7r(fc', a', /3' - e^) , 

for any j G Z. ■ 

We now define subspaces of T-Ls^r (recall Definition 12. 8p . 

Definition 3.1. (Low-momentum) A monomial e^^'^^y^ z^'z^ is {N,fi)-low momentum if 

E lJl(«,+ft■)<MA^^ \k\<NK (3.5) 

We denote by 

the subspace of functions 

9 = Y1 fffc.,:,a./3e"=-^2/*z"z^ G Hs^r (3.6) 
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whose monomials are {N, fi)-low momentum. The corresponding projection 

n^,p :H.,r^£s,r(A^,M) (3.7) 

is defined as ^ :— 11/ (see (j2.13p ] where I is the subset of I (see (j2.8p ] satisfying p.Sp . Finally, 
given h G Z, we denote by 

the subspace of functions whose monomials satisfy 

7r(fc, a, /3) + /i = . (3.8) 

By p.Sp . p.ip - p.2p . any function in Cs,r{N, ^), 1 < < 6, only depends on .t, y, and therefore 

g,g' € CsAN.lJ') =^ 53', {g,c/'}^ donotdcpendonw/f. (3.9) 
Moreover, by dHH), ([31]), dSIS]), if 

\h\> ^jlN^ + kN^ =^ CsAN,tJ-,h) =11). (3.10) 
Definition 3.2. ((A^, 0, /x)-bilinear) We denote by 

the subspace of the {N,0, -bilinear functions defined as 

/:= J2 /m%'(2;,2/:^L)<.<' with C'^' e/:,,,(7V,/i,aTO + a'n) (3.11) 

m|,|n|>6IA',[T,(T'=± 

and we denote the projection 

IiNfi,^.■■Hs.r^BsAN,e,^x). 
Explicitely, for g G T-Ls.r o,s in (j3.6p . the coefficients in p.lip o/ / :~ njv,e,/^.9 are 

/-■';'(x,j/,«;^):= ^ (3.12) 

{k,i,a,^) s.t. fsTsI holds 
and 7rCfc,a,/3) = -crm-cr/Ti 

w/iere 

fk, 'i,a,0,m,n ■~ ~ '^nm) J7fc,i,a+e,„ +e„ ,/3 , fk, 'i,a,l3,m,n ■~ 9k,i,a+em,P+en -i 

fk,i,a,l3,m,n-^('^~^mn) 9kA,a,P+e^+e„ , fk,i,a,l3 ,7n,n ■~ 9k,i,a+e„ ,f3+e^ ■ (3.13) 

For parameters 1 < 6 < 6' , 6 > fi > fi' , we have 

B,AN,0',tJ-')ciBsAN,0,tJ-). 

Remark 3.1. The projection TlN,e,p, can be written in the form 11/, see (|2.13p . for a suitable / C I. 
The representation in p. lip is not unique. It becomes unique if we impose the "symmetric" conditions 

J m.n J n.rn V^-^^J 

Note that the coefficients in p.l2p - p.l3p satisfy p.l4p . 
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3.1 Toplitz functions 

Let TV > iVo. 

Definition 3.3. (Toplitz) A function f £ Bs.r{N,9,fi) is {N, 6, fi) -Toplitz if the coefficients in 
p.lip have the form 

fnCn = r'"'(s(m),am + a'n) for some f"'^' {<i,h) e £,,,(7V, ^i, /i) , (3.15) 
with s(m) := sigii(m), <; = +,— and /i £ Z. We denote by 

Ts,r ■.^TsAN,0.t^)(iB,AN.0.tJ-) 

the space of the (N, 9, fi)-Tdplitz functions. 

For parameters N' >N, 9' > 9, fi' < ^, r' < r, s' < s wc have 

%AN,0,fi)CTs'y{N',9',fi'). (3.16) 

Lemma 3.2. Consider f,g G Ts.r{N,9, n) and p G Cs.r{N, fii,0) with 1 < fi, fJ-i < 6. For all 
< s' < s , < r' < r and 9' > 9, fi' < ii one has 

njv,e',M'{/,ri^, UN,e'.^'{f,pV''^ £Ts',r'{N,9',fi'). (3.17) 

// moreover 

piN^ + kN^ < {9' - 9)N (3.18) 

then 

^N.e',^.'{f, g}" e Ts'^r'iN, 9\ pi') . (3.19) 
Proof. Write / e Ts^riN,9,^i) as in ((XTT1) where f^;°^ satisfy ((XT51) and (|XTi)) . namely 

/™,"' = fn'A = ^™ + ^'^) e ^sAN, l^, am + a'n) , (3.20) 

similarly for g. 

Proof of p.l7p . Since the variables z^, , |m|, \n\ > 9N, are high momentum, 

\J m,n ^m-n 7 -PJ \Jrn,n ' -PJ ^rn^n 

and {/^'n ! -P}^ does not depend on wh by (j3.9p (recall that /^''^, p G Cs,r{N, fi)). The coefScient 
of in nAr^e/,^.{/,p}^ is 

^N.f.'{.C^ , ri^ ^ K,^.'{r"'iAm),am + a'n) , p}^ € (iV, a^', am + a'n) 

using Lemma lOl (recall that p has zero momentum). The proof that njv_6/',p'{/, p}'^'^ G 7^',r' (-^, 0' , 1^') 
is analogous. 

Proof of p.l9p . A direct computation, using p.4p . gives 

{/iff} ^ ^ Prn,n^m^n 

\ni\,\n\>eN,ij,a'=± 

with 

p-r: = 2i ^ ai {fZ'9L:-^' + fnraC'^) ■ (3-21) 

\i\>eN , (Ti=± 
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By (|3.9|) the coefficient p'^^ does not depend on wh- Therefore 

njv,e',M'{/>.9}^ = XI €f,Lz'^z'^ with C;"™ — n^.^'^^mfn (3-22) 

|7n| , |n| >0'N, a.a' — zL 

(recall dSJ])). It results q^^;;^ e Cs' ,r'iN, ^i' , am + er'n) by ((3?22]) . (|33T|) . and Lemma [Q since, i.e., 

G Cs,r{N, /i, CTTO + fJiZ) and g^'f^'''"' € Cs,r{N, -ail + an) . 

Hence the {N, 9\ /i')-bilinear fmiction I\-N,e\ti'{f, g}^ m (|3.22p is written in the form (j3.1ip . It remains 
to prove that it is (A^, 6' , /i')-T6plitz, namely that for all \m\, \n\ > 6'N, a, a' = ±, 

QnCn^q"'"' {sim),am + a'n) for some q"^'"^' {<;,h) e Cs,r{^,fi' ,h) . (3.23) 
Let us consider in p.2ip - p.22p the term (with m,n,a,a' ,ai fixed) 

\i\>eN 

(the other is analogous). Since f,g e Ts,r{N,9, fi) we have 

/m7 (sM-^^^ + '^iO e'C.,,.(Ar,M,fTm + aiO (3.25) 

g-^'-"' = g-"'-"' {s{l),-ail + a'n) e CsA^, fi, -ail + a'n) . (3.26) 

By ((310)) . (|3:25)) . ((3:26| . if the coefficients 5,7^''"' are not zero then 

\am + ail\ , \ - ail + a'n\ < ^lN^ + tiN^ . (3.27) 

By (|3?27)) . (|3?T|l . we get cTV > |crm + cri/| = \aais{m)\m\ + s{l)\l\\, which implies, since |to| > 9' N > N 
(see (IS22)), that the sign 

s(0 = -crcris(TO) . (3.28) 

Moreover 



|Z| > |m| - IfTm + cri^l > 9'N - ^iN^ - kN'' > 9N . 
This shows that the restriction |^| > 9N in the sum p.24p is automatically met. Then 

n^v E ^ n^,^,Xr'-^(s(m),cTm + ai0.g-^-^'(s(O,-^i; + ^S 

= n^.M' E (s(m), (s(0, am + a'n - j) 

jez 

n^,M'E-^'^''^'(^("^)'-?)5 '^'''^ ( -crcris(m),(Tm + cr'n- j) 
depends only on s(m) and cm + a'n, i.e. p.23p . ■ 

3.2 Quasi-Toplitz functions 

Given / G "H^.r and / G %^r{N, 9, ^) we set 

/ := NiUNM.^f - I) ■ (3.29) 

All the functions / € Ti-s.,- below possibly depend on parameters G O, see (|2.87p . For simplicity we 
shall often omit this dependence and denote || Hs.r.o = II \\s,r- 
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Definition 3.4. (Quasi-Toplitz) A function f G "H""" is called {No,0,n) - quasi- Tdplitz if the quasi- 
Tdplitz semi-norm 

\\.f\\lr--=\\.f\\lrM^.--^ sup inf (max{||X/||,,,,||XH|.,.,||X-||,^,})l (3.30) 

is finite. We define 

In other words, a function / is (A^Oi M)-quasi-T6plitz with semi-norm WfWl^ if, for all N > Nq, 
Ve > 0, there is / € Ts.r{N, 6, ji) such that 

^Nfi^^^f = f + N-^f and \\Xj\l,., \\Xj\\,,., \\X^-\U,r<\\f\\l, + e. (3.31) 

We call / G Ts,r{N,9, fi) a "Tdplitz approximation^^ of / and / the "Tdplitz-defecf . Note that, by 
Definition [Q and 

^N,e,fif = f , ^N,8,fj.f = / • 

By the definition (|3.30p we get 

li^/lls..<||/||i;. (3.32) 

and we complete (|2.89p noting that 

quasi-Toplitz M — regular =^ regular A — regular. (3.33) 

Clearly, if / is (A'o, 6*, ^)-T6plitz then / is (iVo, 6', /i)-quasi-Toplitz and 

\\.f\\lrM,= \\Xf\\s,r. (3.34) 

Then we have the following inclusions 

Ts,r C , Bs,r C 'H""'' C 'Hs,r ■ 

Note that neither Bg^r ^ Q^,, nor Bg^r 12 Q^r- 

Lemma 3.3. For parameters Ni > Nq, fJ^i < fJ^, di > 0, ri < r, si < s, we have 

Q^,(7Vo,0,m)c Qi;,,^(iVi,0i,Mi) 

and 

ll/llLn.ATi.ei.Mi < max{s/si,(r/ri)2}||/||^^_^^_g_^. (3.35) 
Proof. By (P3T|) . for aU N>Ni>Na (since 6*1 >e, fi) 

The function 11^,01 ,^1/ G Tsi.ri{N,9i, fii) and 



.11 

njv,ei,Mi / 

Hence, V7V > TVi, 



si,ri < \\f\\Lr,+e. 



_ inf (max{||Xy|U„,,,||XHU„.,,||X-|U„.j) < 
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applying (|2.3p we have p.35p . because e > is arbitrary. ■ 

For / € Hs,r we define its homogeneous eomponent of degree / G N, 



/»:=n«/:= J2 /M,a,0e''=■V^"z^ (3.36) 

fcGZ" , 2|i| + |a| + |^|=/ 



and the projections 



fK:^^k\<Kf-= J2 n>A-/:=/-n|fe|<;,/. (3.37) 

\k\<K,i,a,l3 

We also set 

fF---^k\<Kf^\ f^' ■■= + f'^ + f^'^ ■ (3.38) 
The above projectors n''-*. H^^^j^, ^>k have the form 11/, see (|2.13p . for suitable subsets / C I. 
Lemma 3.4. (Projections) Let f e Q^^(iVo, ^, m)- Then, for all I eN, K eN, 

r,No,e,fi < \\f\\Tr,No.e.,fj. (3.39) 

\\f~^\\'s,r,No,e,fj. J \\f ^ Ik Wl.rMo^e^fJ. — WfWl.r.NoM.fj. (3.40) 

\\^k\<Kf\\I^r,No,e,t^ < ll/llIr.ATo.e.Ai (3-41) 

||nfe=on|„i=i^i=in(2)/||^^^ < ||n(2)/|i^,_^„_,,^ (3.42) 



and, VO < s' < s. 



m>KfC^r,No,e,, < e-''^^~^'^^\\f\\lrM^- (3.43) 
Proof. We first note that by (|2.15p (recall also Remark [XT]) we have 

n(')nw,9,^.g = n^,(,.pn(')g, VgeH,,.. (3.44) 

Then, applying H^'^ in ((33T|) . we deduce that, V7V > Nq, Ve > 0, there is / e Ts,riN, 6, such that 

n(')n^,e,^/ = nAr,e,^n«/ = n«/ + 7v-in«/ (3.45) 

and, by (I^THOl) . dOB . 

ll^n(o/IU,., ||Xn(o/IU,., ll^n(o/IU,,-< 11/11^,. + £. (3.46) 
We claim that H^''/ e r^,^(7V, 6*, /^), > 0. Hence (15:151) - (jXIS)) imply H^''/ e Q^^(7Vo, 6*, /x) and 

m^'^f\\lr<\\f\\lr + e, 

i.e. p.39p . Let us prove our claim. For ^ = 0, 1 the projection H^'^f = because / S Ts.r{N,9,^i) 
is bilinear. For I > 2, write / in the form (j3.1ip with coefficients /^'^ satisfying (|3.15p . Then also 
g :— n*-'-'/ has the form (j3.1ip with coefficients 

a-.a' _ TT(i-2) fa, a' 
ym,n Jrn,n 

which satisfy (jXTS)) noting that U'-''^ Cs,riN, ii,h) C Cs,r{N, fx, h). Hence g e Ts,riN,e, fi), yi > 0, 
proving the claim. The proof of ([?^ . pTi^ . and ([57i5)) are similar (use also 1^^ ). ■ 
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Lemma 3.5. Assume that, yN > iV*, we have the decomposition 

G^G'^ + G% with \\G'^\\lr,N,e,^<K,, iV||Xn„,,,,,G^||.,. < A'2 ■ (3.47) 
Then |lG|l^,,jv.,e,M < niax{||XG||.,r, A'l + ^^2}. 

Proof. By assumption, VA^ > N^, we have ||G^||I^r,Af,9,At - -^i- Then, Ve > 0, there exist 
G'n e Ts,riN,e,n), G'j^, such that 

TlN,e,t.G'j^=G'j^+N~'G'j^ and \\X^,JU^r,\\X^,JU^r < Ki + e . (3.48) 

Therefore, VA^ > TV,, 

IlAr^e^pG — Gn + N~^Gn , Gj\r := G'jq , Gat := G'lq + N^N,e,tJ.G'l^ 

where Gat 6 Ts.r{N,9, ^) and 

UGjs,r^\\Xc;Js,r < Kl+S, (3.49) 

l l3:48l .l l3Tfl 

\\X^J,^r<\\X^,Js,- + N\\Xn, ,^^G'Js,r < K, + E + . (3.50) 

Then G € Ql^,.^Ar.,e.M ^i^^^ 

l|G|j^r.jv.,8.M ^ sup max{||XG|U,r,|lA:c II,,,,.} 

< max{||XG||s,r,Ai + A:2 + e}. 

Since £ > is arbitrary the lemma follows. ■ 

The Poisson bracket of two quasi- Toplitz functions is quasi-Toplitz. 

Proposition 3.1. (Poisson bracket) Assume that f^^^\ f^'^^ e ,.{No,9, fi) and Ni > iVo, fii < /i, 
Oi > 0, s/2 < si < s, r/2 < ri < r satisfy 

kN^-^ < yu - yui, M^f + hN'1~^ <Oi-e, 27Vie^^i ^ < 1, b{s - si)N^ > 2 . (3.51) 

Then 
and 

\\{f^'\f^'^}\\l,r.,N.,e.,,.<C{n)5-'\\f^^^^^^^^^ (3.52) 
where C{n) > 1 and 

5 := minjl - ^,1 - ^1 . (3.53) 

The proof is based on the following splitting Lemma for the Poisson brackets. 

Lemma 3.6. (Splitting lemma) Let /'^^ /'^^ € QJ,.{No,9, fi) and (P3T|) hold. Then, for all 
N >Ni, 

+ {n|fc|>jv^/(^',/(2)} + {n|fe|<^./(i),n,fc,>^./(2)|). (3.54) 
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Proof. Wc have 

{/(i)j(2)} = {n|,|<^./W,n|,|<^./(2)} (3.55) 

+ {n, k\>N'' 

The last two terms correspond to the last line in p.54p . We now study the first term in the right 
hand side of p.55p . We replace each f^'^\ i = 1,2, with single monomials (with zero momentum) and 
we analyze under which conditions the projection 

is not zero. By direct inspection, recalling the Definition 13.21 of llN,0i,tii and the expression (|2.8ip 
of the Poisson brackets {,} = {, }^"^ + { , }^'^, one of the following situations (apart from a trivial 
permutation of the indexes 1,2) must hold: 

1. one has ^"'"z'^"' = z"'"' z^'"' z^zj^ and z"'"z^"' = z"'"' z^'"' z^' zj^' where |m|, |n| > ^liV, 

cr, cti,(t' = ±, and z"* ' z^'' 'z"* 'z'^' ' is of (A^, /ii)-low momentum. We consider the Poisson 
bracket { , }^'^ (in the variables (z^, z~)) of the monomials. 

= z'^^'^ z^^'\^z^' zj' and z^'^'z-^'" = z^'^z'^^'z"'"^ where |m|, \n\ > O^N and 
is of (A^, //i)-low momentum. We consider the Poisson bracket { , Y'^- 

= z^''^^ z'^'-^^lXl and z""'z^'" = z^'^z/^"', where |m|,|7i| > d^N and 
is of (A^, /xi)-low momentum. Wc consider the Poisson bracket { , }^'^, i.e. in 



the variables (x, y). 
Note that when wc consider the { , }^'^ Poisson bracket, the case 

,a<^',-^<^' = ,^<^),-^(^),. and z"'^-^<^' = z^'^-^*^;^' , H,H>0iiv, 

and z"' 'z'^* 'z"' 'z'^* ' is of (A'^, /ii)-low momentum, does not appear. Indeed, the momentum conser- 
vation -o-m = 7r((5^i\/3(i),fc(i)), and Ifc^^^l < Ar^ give 

0iAr<|m|< ^ |/|(|5|'^| + |/3}'^|) + KiV''</xi^^ + AtAf\ 



which contradicts p.ip . 

Case 1. The momentum conservation of each monomial gives 

axi = -(Tm-7r(5(i),/3(i),fc(i)) = a'n + 7r(5(2) , /3(2) , fc(2)) . (3.56) 

Since z"* 'z^' 'z"' 'z'^* ' is of (A^, /ii)-low momentum (Definition 13. ID . 



^ |/|(ci«+/3(^)+aP)+A^^))<MiiV^ =^ E 1^1(4'^ + /3«) < /.lA^^ ^ = 1,2, 



which implies, by (I^TSSl) . < A^^ |j| > 6*1 A^ - ^lA^-^ - kN^ > ON by (IXSTl) . Hence 

|m|,|n|,|j| > ON. Then e"^"''-^y*"''z""''z^*"\ = 1,2, are (TV, 6*, ^)-bilinear. Moreover the {zj,zj) 
are high momentum variables, namely { , }^'^ = { , }^ , see p.4p . As m,n run over all Z \ I with 
|m|, |n| > 01 A^, we obtain the first term in formula p.54p . 
Case 2. The momentum conservation of the second monomial reads 
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Then, using also (ESU), |fc(2)| < iV^ that z" ?/' is of (iV,^i)-low momentum, 

bi+ E i^i(fir'+r)^k(5(^/3(^fc(^^)i+ E i/i(fip^+r)< 

E + + "f^ + + < Mi^^ + ^ M^"^ ■ 

;ez\i 

Then 2"' 'z^* 'zj^ is of (TV, /ii)-low momentum and the first monomial 
is (TV, 0, /i)-bilinear (/^i < /i). The second monomial 
is (TV, 2^)-low-momentum because, arguing as above, 

< 2^iTV-^ + KiV'' < 2/i7V-^. 

The (zj, Zj) are low momentum variables, namely { , Y"^ ~ { i i ^-^d we obtain the second and third 
contribution in formula p.54p . 

Case 3. We have, for i = 1, 2, that 

Then e''^'"''^y''^'z"*^'z'^'^' is (iV, 0, /^)-bilinear and e''^'"''^y''^'z"*^'z'^'^' is (A^, /x)-low-momentum. We 
obtain the fourth and fifth contribution in formula p.54p . ■ 

Proof of Proposition EHJ Since /^'^ e Q'^,.{No,9, ^i), i = 1,2, for all N > Ni > No there exist 
e Ts,riN,9,fi) and f-'^ such that (see (l^lHTl ^ 

n^.e,^/'') = iV-i/W , J = 1,2, (3.58) 

and 

||X^~<.,||.,,., ||X;,.,|U,,<2||/W||^,. (3.59) 

In order to show that {f'-^\f'-^^ G Qf^_^^ (TVi, 6*1, /ii) and prove p.52p we have to provide a decom- 
position 

n^,«,,,{/(i', = F^'^ + N-'f^'-'^ , V7V > iVi , 

so that e %i,ri{N,ei,^ii) and 

11^/(1,2) |U,,,.,,||X;a,.,||,s„n < (3.60) 
(for brevity we omit the indices Ni,di, iJi, Nq, 9, /i). By p.92p we have {5 is defined in p.53p ) 

<2^^+H-^\\Xfa)\\sA\Xfi-)\\s.r. 
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Considering p.58|) and p.54p . we define the candidate Toplitz approximation 

+ {/^^\n^.^/(^)}^%{n^,^/(i),/(^)}"^ (3.61) 

and Toplitz-defect 

P-'^ := 7v(n^,,,,^,{/(i),/(^)}-/(i'2)). (3.62) 

LemmalOand (P3T|) imply that /^i'^) ^ Ts^ r^{N,ei,ni). The estimate for /(^^^^ follows by 

(IMTll . (I2:92|) . (IZlOll . (13391) . Next 

/(^'^) = n^...„,,({/W,/(2)}'' + {/W,/(2)}'' + iv-i{/W,/(2)}'' 
+ Af{n|fe|>^../(i),/(2)} + 7v{n|,.|<„./(i),n|,|>„./(2)}) 

and the bound ^^W^ follows again by (P^ . (PIM)) . (|53^ . (P^T]) . (P3T|) . Let consider only the term 
A''|nn,|>7vf>/^^\ /^^''l .9, the last one being analogous. We first use Lemma [2.161 with r' ri, 

r r, s' Si and s si + a/2, where a :— s ~ st. Since | 1 — ;— | < 2| 1 ^- | < 26^^ 

' ' V si+a/2J ~ V s/ ~ 

with the S in ((X551) . by (p:^ we get 

||^slUi,ri < C(n)S-^N\\Xn^^^^^^fil)\\si+a/2,r\\^f(^)\\s,r 
< C(n)(5"^||Xj(i)||s,r||-'^/(2)||s,r , 

for every N > Ni. The proof of Proposition 13.11 is complete. ■ 

The quasi- Toplitz character of a function is preserved under the flow generated by a quasi-Toplitz 
Hamiltonian. 

Proposition 3.2. (Lie transform) Let f,g e QJj.{No,9,h) and let s/2 < s' < s, r/2 < r' < r. 

There is c{n) > such that, if 

\\f\\lrM^.<cin)S, (3.63) 

with 6 defined in ()2.66p . then the hamiltonian flow of f at time t = 1, <i>j : D{s' ,r') — > D{s,r) is well 
defined, analytic and symplectic, and, for 

iV^ > max{7Vo, TV} , iV := exp ( max { |, s}) , (3.64) 

(recall p.2[) '). jj' < fi, 6' > 9, satisfying 

K{N[,f-^\nN[,< fi- ^i' , {6 + K){N[^)^-HnN;^<0' -0, 2(7V|^)-'' In^ < 6(s - s') , (3.65) 
we have e""^' g S QJ_^, (7V^, 6i', ^') and 
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Moreover, for /i = 0, 1, 2, and coefficients < bj < 1/ jl, j G N, 



T 



\\Y,b,ad'^{g) 2(CT-i||/||i;,,,^„,,,^)''||g||^,,,^„,,,^. (3.67) 

j>h . . 0. .f 

Note that ((3:661) is with = 0, bj := 1/j! 

Proof. Let us prove p.67p . We define 

G(") 5 , G(-'") acP/g) := ad^G^^-D) = {/, G^^-^} , > 1 , 

and we split, for h — 0,1, 2, 

j-i 

G^'' ^ b,G^^^ = b,G^^'> + bjG^^^ =: G|^ + G>j . (3.68) 
j>?i j=/i j>j 

As in (|2.98p we deduce 

l!^G(.)IU',.' < {Cin)j5-y\\Xf\\lJXg\U^r, Vj > 0, (3.69) 
where S is defined in (|2.66p . Let 

77 := Cin)e6-^\\Xf\\s,r < l/(2e) (3.70) 
(namely take c{n) small in (|3.63p '). Bv l3.69l using j^bj < j-' /jl < e-', we get 

||^G>,J.s'..' < Y bj{C{n)jS-^Xf\\.,^ry\\Xg\U,. < 2^-'\\X,\\s,r . (3.71) 
j>J 

In particular, for J = /i = 0, 1, 2, we get 

\\XG>4s'.r' < 2r^''\\Xg\\,^r ■ (3.72) 

For any N > Nq wc choose 

J := J{N) —InN , (3.73) 

and we set 



Then (p:B7|) follows by Lemma [33] (with iV, iV^, s ^ s', r r' , 9 6' , ^') and ([X7^ . once 
we show that 

WG'NWly.N.O'.,.' < ^^'bllL, A^IIXc'JIs'^r' < ^T^V^^Mlr (3-74) 



2' 

T ll„l|T 



with /i = 0, 1,2 (for simplicity H^H, ,, bIL.r.JVo.s,/.)- 
For all > A^o > e*^ (recall (jXM)) ). 

A||Ag>,||s',.' < A^2rr^||Agj|,,,, <r7''(A^2r/-'')||5|j^, 

^ ^/.2-^+''+ie''Ae-^||.9||i:„ < , (3.75) 

proving the second inequality in (|3.74p . Let us prove the first inequality in p.74p . 
Claim: Vj = 1, . . . , J - 1, we have G'^'^ G QJ,^, (A^, 6*', and 

\\G^'Hl.s'.M.o'.,' < \\9\\lAC'j5-'\\f\\l,Y (3.76) 
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{for simplicity := ||/||s.r,iVo,^,M)' ^^^^ claim implies (using j^hj < e^) 

1 1 T ||3.76I> 

II — ' s' .r' .N.e' ,fj.' ^ — ' 

j=h j=h 

for c small enough in p.63p . This proves the first inequality in p.74p . 
Let us prove the claim. Fix < j < J — 1. We define, Vi = 0, . . . , j, 

A' - A*' ^ ^' r-r' s - s' 
jji ■=1^1 — 1 , Oi -.^ y + I , Ti := r — I , Sj := s — I , (3.77) 

J ] 3 ] 

and we prove inductively that, for all i = 0, . . . , j, 

h<^f{9)\\l,rM,,. < {C'jS-'\\f\\Ly\\g\\l,, (3.78) 

which, for i = j, gives p.76p . For i ~ 0, formula p.78p follows because g € j,{No,9, ii) and Lemma 



Now assume that p.78p holds for i and prove it for i + 1. We want to apply ProDOsition l3. II to the 
functions / and ad^(5) with Ni N, s Si,si s^+i, 9 0i,9i ^i+i, etc. We have to verify 
conditions p.5ip that reads 

KiV'-^ < M» - , ^^^N''-' + < 9,+i - 9, , (3.79) 

2iVe-^''^^^ < 1 , bis,~s,+i)N''>2. (3.80) 

Since, by ((3J7)) . 



J J 3 

and j < J = InTV (sec ([XT^l) ). < b < L < 1 (rccaU ((X^ ). fi' < fJ. < 6, the above conditions 
(|X7^ - (p:Sn)) are imphed by 

KiV''"^lnA^< //-At', i6 + K)N^-HnN <9' -9, 

2Np~N-(s-s')/2inN ^-^^^ b(s^ s')N'' >2lnN . (3.81) 

The last two conditions ([33T|) arc implied by b{s - s')N'' > 21n^iV and since N > e^/^"'' (recall 
((3J4)) ). RecoUectin g we have to verify 

KN''-^\nN < fi- fi' , {6 + K)N^'HnN <9' -9, 2N-'' N < b{s - s') . (3.82) 

Since the function N i— >■ iV"''' In is decreasing for N > e^l^ , we have that (|3.82p follows by p.64l) - 
(1323. Therefore Proposition IXTI implies that ad}:+^(g) e Qf^^^ ,,^^^(A^, 6*4+1, and, by (|53^ . 



p.35p . we get 

l|ad}+^(.9)||i;^,,,,^„^,,,^„^,^, < C"<5,ri||/||^^||ad}(.g)||i;,,^,^,,^,^^ (3.83) 

where 

^,:=min(l-^,l-^l>^ (3.84) 



3 



and (5 is defined in (|2.66p . Then 



l|ad}+i(5)|H:+,..,^,.jv.e,^„^,^, < C'jri||/|li:,,^„,,,J|ad}(.9)||J„,,,^,,^,^^ 



proving p.78p by induction. 
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4 An abstract KAM theorem 

We consider a family of integrable Hamiltonians 

N N{x, y, z, z- e(C) + • V + n{0 ■ zz (4.1) 

defined on T" x C" x x ^j^, where X is defined in (|2.84p . the tangential frequencies w := (wi , . . . , w„) 
and the normal frequencies f2 depend on n-parameters 

^ e O c M" . 

For each ^ there is an invariant n-torus To = T" x {0} x {0} x {0} with frequency w(^). In its 
normal space, the origin (z, z) = is an elliptic fixed point with proper frequencies ri(^). The aim is 
to prove the persistence of a large portion of this family of linearly stable tori under small analytic 
perturbations H = N + P . 

(Al) Parameter dependence. The map uj : O ^W"- , '^(O; is Lipschitz continuous. 
With in mind the application to NLW we assume 
(A2) Frequency asymptotics. Wc have 



= Vj' + m + a(0 eM, (4.2) 
for some Lipschitz continuous functions a(^) G M. 
By (Al) and (A2), the Lipschitz semi- norms of the frequency maps satisfy, for some 1 < Mq < oo, 

|c.|"P , \n\'^ < Mo (4.3) 

where the Lipschitz semi-norm is 

\n\^^=\n\^.o^= -p (4.4) 
4,>)GO,?#»? I? -'71 

and |z|oo '■— sup \zj\. Note that by the Kirszbraun theorem (see e.g. |21j ) applied componentwise 
we can extend w, on the whole M" with the same bound H.3L 



(A3) Regularity. The perturbation P : D{s,r) x O ^ C is A-rcgular (see Definition[ 
In order to obtain the asymptotic expansion (|4.9p for the perturbed frequencies we also assume 

(A4) QuASi-ToPLiTZ. The perturbation P (preserves momentum and) is quasi-Toplitz (see Defini- 
tions- 



Thanks to the conservation of momentum we restrict to the set of indices 

I:={ (/s,0 e X Z°°,(/s,0 7^ (0,0),|;| < 2, where (4.5) 
or Z = , fc • j = , 

or I = aCm ,meZ\I, fc-j + am = , 

or I ~ (JEm + cr'e„ ,m, nGZ\I, fc-j + am + a'n = o| . 

Let 

P = Pm{x) + P{x,y,z,z) where P(x, 0, 0, 0) = . (4.6) 
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Theorem 4.1. (KAM theorem) Suppose that H = M + P satisfies (A1)-(A4) with s,r > 0, 
1 < 9, fj, < 6, N > 0. Let j > be a small parameter and set 

£:=max{7-2/3|Xp„J^^,, ^-'/^XpJ\,,. , l''\\P\\lr.N.e.^] , A := 7/A/0 . (4.7) 

If e is small enough, then there exist: 

• (Frequencies) Lipschitz functions : R" M", n°° : «" i^o, a± : R" ^ R, such that 

|w°°-w| + A|w°°-cj|"P, - + \\^^ - < C^e , |a^|<C7£, (4.8) 

sup (0 - - a^^.)(0| < l^"s ^ , V|j| > ^7-^/' . (4.9) 

• (KAM normal form) A Lipschitz family of analytic symplectic maps 

$ : D{s/4:,r/4) x0^3 {x^,y^,w^;£_) ^ {x,y,w) G D{s,r) (4.10) 
close to the identity where 

Ooo := [ieO : |c^°°(0-fc + r!°°(0-^l> Y^^,V(fc,0 el defined in gg, 
|c.-(0 ■k+p\> T^^, Vfc e Z", p G Z, (fc,p) ^ (0,0) , r > 1/6 secdSS, 

1^(0 • fc| > Y^q^ , VO < |fc| < 7-^/('"' } (4.11) 
SMc/i that, G Coo' 

i/°°(-;e):-i?o$(.;C)-c^°°(0-yoo + f^°°(e)-^co^oo + P°° has P^^ = . (4.12) 

Then, G Coo, map Xoo ^{xoo , 0, 0; ^) is a reaZ analytic embedding of an elliptic, n-dimensional 
torus with frequency a;°°(^) for the system with Hamiltonian H. 

The main novelty of Theorem 14. II is the asymptotic decay (|4.9p of the perturbed frequencies. In 
order to prove (|4.9p we use the quasi-TopHtz property (A4) of the perturbation. The reason for 
introducing in (|4.7p conditions for both the Lipschitz-sup and the Tophtz-norms is the following. For 
the measure estimates, we need the usual Lipschitz dependence of the perturbed frequencies with 
respect to the parameters, see (|4.8p . This is derived as in [24] and [2]. On the other hand, we do not 
need (in section [S]) a Lipschitz estimate on (that, in any case, could be obtained). For this reason, 
we do not introduce the Lipschitz dependence in the Toplitz norm. 

In the next Theorem 14.21 we verify the second order Melnikov non- resonance conditions thanks to 

1. the asymptotic decay (|4.9p of the perturbed frequencies, 

2. the restriction to indices {k, /) G I in (|4.1ip which follows by momentum conservation, see (A4). 

As in P], the Cantor set of "good" parameters Ooo in (|4.1ip . is expressed in terms of the final 
frequencies uj°°{£,), (and of the initial tangential frequencies a;(^)) and not inductively as, for 

example, in |24| . This simplifies the measure estimates. 

Theorem 4.2. (Measure estimate) Let O := [p/2,p]", p > 0. Suppose 

cj(0 = w + vlC, w G M", ^ G Mat(n X n) , %(0 = + m + « ' a G M" (4.13) 
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and assume the non-degeneracy condition: 

A invertible and 2{A-^f a Z'' \ {0} . (4.14) 
Then, the Cantor like set Ooo defined in (|4.11[) . with exponent 

T >max{2n + 1,1/6} (4.15) 

(b is fixed in p.2p ), satisfies 

\0\Ooo\<C{T)p^-'-f^^\ (4.16) 
Theorem 14. 2 1 is proved in section [51 The asymptotic estimate (|4.9p is used for the key inclusion (|6.12p . 

5 Proof of the KAM Theorem HH] 

In the fohowing by a < & we mean that there exists c > depending only on n, m, k such that a < cb. 
5.1 First step 

We perform a prehminary change of variables to improve the smallness conditions. For all ^ in 

a := { e e O : HO ■ k\ > , VO < |fc| < 7-^/('"' } (5.1) 



we consider the solution 

Fooix) := 

0<|fc|<7-i''(^"' 



of the homological equation 

- adwi^oo + n|j,|<^-i/c7„)Poo(a;) = (-Poo) ■ (5.3) 

Here Poo is defined in (|4.6p and (•) denotes the mean value on the angles. Note that for any function 
Foo{x) we have ||-Foo||fr ~ II-'^-Foo lU.rj see Definition 13.41 We want to apply Proposition 13.21 with 
s,r,s',r' ^ 3s/4, 3r/4, s/2, r/2. The condition p.63p is verified because 

l5:2l.l5Tl. tT55t t4Jl 

ll^oo!ir,/4,,. = II^F„„||3s/4,. < C(n,s)7-2/3||Xp„J|,,. < Cin,s)e 

and e is sufficiently small. Hence the time-one flow 

$00 := ^Foo ■ Diso,ro) x ^ D{s, r) with so s/2 , ro := r/2 , (5.4) 

is well defined, analytic, symplectic. Let /io < fJ^, 0^ > 6, No > N large enough, so that p.65p is 
satisfied with s, r, Nq, 0, /i, s, r, N, 0, /i and s', r' , Nq, 9' , fi' ~^ sq, tq, A'o, Oq, /io- Note that here iVo is 
independent of 7. Hence p.66p implies 

\\^'^'''""P\\lMA.,a < 211^^11^,^,..^ ■ (5.5) 
Noting that e'^'^'^oo p^^ = p^^ and e'"^''ooN = TV + adp^^N the new Hamiltonian is 

H" := e'''*^™ H = e'^'^^nnTV + e""^""" Poo + e^'^^fo P + &Af,,„N + Poo + e^'^^f" P 

^ ((Poo) + AA) + (H|,,|>^-v(-)Poo + e^'^-oop) =; A^o + Po . (5.6) 
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By (|2.57p (and since Pqo{x) depends only on x) 



n|fe|>^-i/(7,.)Poo 



3s/4,r 



(5.7) 



for 7 small. By ((5J)) . ((53|) and (jlJ)) we get 

ll^olH:,.,,^„,,,,,, <37e. (5.8) 
In the same way, since I-'^.Fqq I3S/4 < C{n, s)j~^^^\Xpgg\'^^^, we also obtain the Lipschitz estimate 



(5.9) 



5.2 KAM step 

We now consider the generic KAM step for an Hamiltonian 

H =JV + P = JV + P^.^ + {P- P~^) 
where P^^ arc defined as in (|3.38p . 



(5.10) 



5.2.1 Homological equation 
Lemma 5.1. Assume that 

I T 

1% - Vj^+in-as(j)| < — , V|j| > j*, 

/or some a+, a_ G M. Let Afc_„j.„ := cj • + — fin, Afc^m^„ w • /c + |m| — |7i|. 
// |m|, |n| > max{j*, \/m} ^'^'^ s(to) = s(n), t/ien 

^m|m — n| /I 1\ m^ / 1 1 
~ 2 |n||m| '^\|to| \n\) 2 \|toP |nP 



(5.11) 



(5.12) 



Proof. For < x < 1 wc have \\/\ + x - 1 - a;/2| < a;^/2. Setting a; m/n^ (which is < 1) and 
using (|5.1ip . we get 



< 



7 ni-' 



|7i| 2|n|3 



An analogous estimates holds for r2,„. Since \^h.m,n — ^k,m.n\ = — |"^| — + \n\\ the estimate 
(|5.12p follows noting that as(„j) = as(„). ■ 

For a monomial m^.i^Q,.^ := e^^'^y^ z°'z^ we set 



iTife^i^Q,^ if fc = , a = /3 
otherwise. 



(5.13) 



The following key proposition proves that the solution of the homological equation with a quasi-Toplitz 
datum is quasi-Toplitz. 



Proposition 5.1. (Homological equation) Let X e N. For all £^ £ O such that 

|w(0 • k + n{0 • 'I ^ (fcyr ' ^(fc' e i (see m), \k\ < k , 



(5.14) 



then yP^^^ e •H""", /i = 0, 1,2 (see ((336)) . ((337| ). t/ie homological equati 



(5.15) 
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have a unique solution of the same form Fj^ G ^"r" with [Fj^ \ — ^ o,Tid 

<7"'A'n|Xp(M|U,r, |X^,M|^<7"'A'^+'l^pw|^r (5.16) 

where 2-f\'^ > . In particular F^ f]^"' + F^^^ + F^^^ solves 

- adA,F|2 + Pf = \Pf\ . (5.17) 

Assume now that Pj^'^ G ^{Nq,6^ fi) and satisfies (|5.1ip /or |j| > 6Nq where 

iV* :=max|iVo, c-i-^'^IC+^'^ (5.18) 
for a constant c :~ c(m, n) > I. Then, G O such that 

HO-k + p\>^, y\k\<K, pe^, (5.19) 

we have F^^'^ e S^^(7Vo*, 6*, //), /i = 0,1,2, and 

< ^n^'K'llPl^'^WlM, ■ (5.20) 
Proof. The solution of the homological equation (j5.15p is 

fc|<A,()!,i,o,3)5i(0,i,Q,o) '^I'l".^' 
2i+|Q| + 13| = fc 

The divisors Ak^i^a,i3 7^ 0, \f{k,i,a, l3) ^ (0, i,a, a), because (fc,i,a,/3) 7^ (0,i,Q;,a) is equivalent to 
(fc, a — /3) G I, and the bounds (|5.14p hold. Then the first estimates in (j5.16p follows by Lemma 
12.181 The Lipsichtz estimate in (|5.16p is standard, see e.g. Lemma 1 (and the first comment after 
the statement) of |23]. We just note that the Melnikov condition used in [53] follows by (j5.14p and 
momentum consevation, e.g. 

ISiMJ 7 t5T22l j\m — n\ \m — n\ 

For the Toplitz estimate notice that the cases ft, = 0, 1 are trivial since IlN,e,fj.FK^ ~ 0. When h ~ 2 

(2) 

we first consider the subtlest case when P^ contains only the monomials with i = 0, |a| = |/3| = 1 
(see (|3.36p ). namely 

V-=Pk^= E Pk,m.ne"'"'ZmZn, (5.21) 

\k\<K,m,nGZ\I 

and, because of the conservation of momentum, the indices k, m, n in (j5.2ip are restricted to 

j-k + m-n = 0. (5.22) 
The unique solution F^ of IjbJB with [F^^''] is 

^:=i^l?^=-i E ^^e^^-^z^zr,, Afc,™,„ := w(e) • fc + 17^(0 - 1^„(0 (5.23) 

|fc|<A',(fe,m,n)#(0,m,m) 

Note that by (|5.14p and (|5.22p we have Ak,m,n 7^ if and only if {k, m, n) ^ (0, m, m). 
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Let us prove For all > 



E 



|/c|<AM??i|,|n|>^Ar 



Pk^m,n \k-x - 
k.m.n 



(5.24) 



and note that e''''^ is {N,^j,)-\ow momentum since |fc| < K < {N^y < N'' by ((5?T8| and r > 1/b. By 
assumption V G Q^r No e ii ^'^'^ recalling formula p.45p . we may write, VA^ > Nq > Nq, 

nN,e,^V=V + N-'V with V:= ^ Pfc,™_„e"^'-"z„z„ e r.,r(A^, 0, m) (5-25) 



and 

We now prove that 



\k\<K,\m\,\n\>eN 



||^p||s,r, ||-'^-p||s,r, ll-'^-j&lls.r < 2j|7'| 



T 

s,r ■ 



(5.26) 



E 



k,m—n ik-x , 



|A;|<K,|m|,|n|>6'A^ 



^k.in.n 



6 ■S^rri'^n 5 ^k'l 



w(0-fc+|m|-|n|, (5.27) 



is a Toplitz approximation of Since |to|, |n| > 6N > 6Nq > Nq > k K > \j ■ k\ hy p.ip . we 
deduce by (|5.22p that m, n have the same sign. Then 

^k.,m,n = w(^) • A: + |m| - |n| = ■ k + s(m)(m - n) , s(m) sign(m) , 

and P in ([07)) is (iV, 6*, /i)-T6plitz (see ((XT5|) ). Moreover, since |m| - |7i| G Z, by ((5?TO)) . we get 

|Afc,„,,„| > 7'/'(fc>"" , V|fc| < i^, m,n, (5.28) 

and Lemma [2. 181 and (j5.27p imply 

\\X^\l,r<l-^'^K^\\Xp\\s,r. (5.29) 

The Toplitz defect is 



(5.30) 



E ( 



|/c|<i<',|m|,|n|>eAr 

E 

fe|<AMm|,|n|>eAf 

E 

|A;|</C|?n|,|n|>e'A^ 



Pk,m,n Pk,m—n 
Pk , m , n Pk . m . 7i 



^k.m.n At 



Pk,7n,n Pk,rn — n 



Pk.rii,n 



Ak,m,n Ak,m,7i \ ^ Pk,7n,n 
^k .7n ,71 ^k ,771 ,n 



Ak,7n,7i 



p'^'^z Z 



e^^'^z z 



By (|5.12p . |m|, |n| > ^A^ > A^, and |m — n| < kK (see (|5.22p ) we get, taking c large enough, 



A, 



< 



iyikK 2j m^ c / K 
2iV2 + iV^]v3-4iVV^ 



7 < iiiin 



Hence 



|E11,|53TJ -y2/3 ^2/3 ^2/3 



ci'l^ 7^/^ 

(5.32) 
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Therefore (|OT|) . dEMl), ([O^ imply 

|Afe,„^„||Afc^„,„| - 2iV 72/3 ^2/3 - 
and ([QO]) . (|08)) . and Lemma [2?T8l imply 

ll^Y_^||.,r<c7-^/v2^||Xp||,,, + 7-'/-^A-||X^|U,, < 4c7-^/v2-|lP||^,. (5.33) 
In conclusion ([5T^ . (jOH)) prove for J". 

(2) 

Let us briefly discuss the case when h = 2 and contains only the monomials with i — 0, 
\a\ ~ 2, \/3\ =:0or viceversa (see p.361) '). Denoting 

^ - Pk^ - Pk,m,ne"'-''z^Zr, , (5.34) 

\k\<K,m,neZ\X 

we have 

A;|</C|jri|,|Ti|>eAf 

where \uj ■ k + Jl„ + r2„| > (|m| + \n\)/2 > 9N/2 since |to|, |n| > 6* TV and |fc| < A' < N''. In this case 
we may take as Toplitz approximation T ~ 0. M 

5.2.2 The new Hamiltonian 

Let F = F^^ be the solution of the honiological equation (|5.17l) . If, for s/2 < < s, r/2 <r^<r, 
the condition 

\\F\\lr.N;.e..^.<c{n)5^, := nrin {l - ^, 1 - ^} (5.35) 

holds (see p.63p ). then Proposition 13.21 (with s' s+,r' r+,A^o ~^ defined in (|5.18p ) implies 
that the Hamiltonian flow : D(s+,r-|_) D{s,r) is well defined, analytic and symplectic. We 
transform the Hamiltonian H in ()5.10p . obtaining 



j>2 ^' 

+ P| V (P - f|') + ad^A^ + adpP + J2 ^^'^fW 

J>2 

M + [Pf] +P- Pjf + adfP + ^ \&A'p{H) := M+ + P^ 



j>2 ■' 



with new normal form 



w» := dy,\y=o,z=z=o{P) , i = 1, . . .n, ^ := (f^j)jez\i , ^] ■= [P]] ■= 9^,s, \ y=o,z=g=a{P) (5-36) 
(the ( ) denotes the average with respect to the angles x) and new perturbation 



P+ -.^P- + adfP-^ + adi.P^3 + ^ ^ad^^(iJ) (5.37) 
having decomposed P = P-"^ + P-^ with P^^ := ^ P^^'\ see 



h>3 
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5.2.3 The new normal form J\f^ 

Lemma 5.2. Let P e Q^^(7Vo, 6*, ^) with l<e,fi<6, No> 9. Then 

|(^|,|nU<2!|p(2)||T^^^^^^_^ (5.38) 

and there exist a± G R satisfying 

|a±| <2||P(2)||T^^^^^^^^ 

such that 

\^,-i^sU)\<^^\\P'^'^\\lrM,^ V|j| >6(iVo + l). (5.39) 
Moreover |a;|»P, l^fJ^P < |Xp(., j'^P . 

Lemma 15.21 is based on the fonowing elementary Lemma, whose proof is postponed. 
Lemma 5.3. Suppose that, WN > No> 9, j > ON, 

rij = aN + bNjN^^ with aN,bNj £W, |aAr| < ci , |6jvj|<ci, (5.40) 
for some ci > (independent of j). Then there exists a G M, satisfying \a\ < ci, such that 

\n,-a\<^, V|j|>6(7Vo + l). (5.41) 
PROOF OF Lemma The estimate on lo is trivial. Regarding Cl we set (recall p.36p . (|3.42D ') 

p('' := n,.=on|„|.|^|=in(2)p = ^[p],z,z, 

j 

since, by the momentum conservation (|2.86p . all the monomials in Pq^'' have a = P = ej. Note that 
[P]j is defined in ([OS)) . By Lemma [231 



13301 {3A21 ^ ^ 

|[P],|<llXpP)|lr < ||Po^''!|^ < WP^'^lr- (5.42) 

We now prove ([05)1 for j > (the ease j < is similar). Since P^'^^ G Q^{N,9,^i), for all > iVg, 
we may write Hjv.e.AiPo^^ = Pq'^n + ^ "^-^o w ^i^'^ 

and 

llXp(^.|l.,ll^p(^) II., Il^p(^. II. < 2||Po^'^|l^ < 2|1P(2)|1I;,. (5.43) 
For |j| > 9N, since all the quadratic forms in (|5.43p are diagonal, we have 

% = [P]j = Pj + N'^Pj — ajv,+ + N'^bN,j 

where aN,+ '■= Pj is independent of j > because P^l^ G Tr{N,9,fjL) (see (|3.15p '). Applying Lemma 
[2l9l to Pg^l^^ and P^^^, we obtain 



K,+ | < ||Xp(2, lU,. < 2|1P(2)||^^, |5w,,H|P,-|<||Xp(.)||, < 2||P(2)||^. 
Hence the assumptions of Lemma 15.31 are satisfied with ci = 2||P^^'' || J,. and (|5.39p follows. 
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The final Lipschitz estimate is standard, see e.g. [2], [23]. ■ 

Proof of Lemma [531 For all A^i > > A^o, j > dNi we get, by (|5^ . 

\aN - flivj = \bN,,jN^^ - bN.jN-^\ < ^c^N'^ . (5.44) 

Therefore ajv is a Cauchy sequence. Let a lim ajv be its limit. Since jajvl < ci we have \a\ < c\. 
Moreover, letting A^i +oo in (|5.44p . we derive la-ajy] < 2ciN~^, > Nq, and, using also (|5.40p . 

IQj ~ a\ < \nj - gnI + \aN - a\ < 3ciN-\ y N > Nq , j > 6N . (5.45) 

For all j > 6{No + 1) let N := [j/6] (where [•] denotes the integer part). Since N > Nq, j > 6N, 

HHJ 3ci 18ci / 1 \ 20ci 

for all j > 6(iVo + l). ■ 

5.2.4 The new perturbation 

We introduce, for h — 0, 1, 2, 
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(A defined in (|4.7p l and the corresponding quantities for with indices r-|_, s^, Nq ,6^, i^l^. The 
P'-''-' denote the homogeneous components of P of degree h (see (IS.SGI) ). 

Proposition 5.2. (KAM step) Suppose {s,r,No,9, ii), (s_|_, r+, A'q'", 6*+, /^+) satisfy s/2 < s+ < s, 
r/2 < r+ < r, 

N+ > max{iVo*, ^} (recall (O^ . (IXBl) j , 2(iVo+)-'' In^ 7Vo+ < fe(s - s+) , (5.47) 
k{N+)''-^ In N+ < fi- fi+, {6 + K){N+)^-HnN+ <e+ -9. (5.48) 

Assume that 

eK^S^^ < c small enough , 9 < 1 , (5.49) 

where f :~ 2t + n + 1 and 5-\- is defined in (j5.35|) . Suppose also that (j5.11|) holds for \j\ > 9Nq. 

Then, for all ^ ^ O satisfying (j5.14p . (|5.19p . denoting by F :~ F^^ the solution of the homological 
equation (|5.17l) . the Hamiltonian flow $^ : £)(s_|_,7'+) — > D{s,r), and the transformed Hamiltonian 

H+ ■.= Ho^\= e^^^il = N+ + P+ 

satisfies 

ef < <5;2A-2^£2+£(o)e-(.^-.+ )if 

^(1) ^ r-2,^-2r/ (0) , -2\ , 



<5;2A-2^(eW+£-2)+£(i)e-(«--+)^ 



;f < <5;2A'2^(e(o)+£(i)+e2)+^(2)g-(.-s^)i^ (5 50) 

0+ < 0(1 + C5-'^K^^e) . (5.51) 



41 



We focus on the quasi-Toplitz estimates, the Lipschitz ones follow formally in the same way. The 
proof splits in several lemmas where we analyze each term of in (|5.37p . We note first that 



IP: 



<2||T 



K \\s,r,No,0,fj, 



s,r,No,e,fi 



(5.52) 



Moreover, the solution F = F^°'> + F^^' + F^^^ of the homological equation If^Tl} (for brevity F*^''^ 
fI^^ and F = F^'^) satisfies, by (lOOl) (with defined in (051) ). (IXiTl) . (lOSl) . 

ll^*'''lli;.,A'„-A^<^'£"'', /^ = 0,1,2, ||F||i;,.A...,,,,<X^e-. 



(5.53) 



Hence (|5.49p and (|5.53|) imply condition (|5.35p and therefore : -D(s+, r+) — > D(s, r) is well defined. 
We now estimate the terms of the new perturbation in (j5.37p . 



Lemma 5.4. 



adi.(P 



<2^ 



|Ei^d],(if) 



Proof. We have 

J2 ^^d^iH) = E 7f^d].(AA + P) = 5] ^adri(ad^^AA) + ^ ^adj.(P) 



j>2 ■ 



J>2 



J>2 ■ 



J>2 ■ 



E^-dr^a^lV^I^)+E^-dMP). 



J>2 



J>2 ■ 



By ([533, (|5:48| and ((5?35|) we can apply Proposition [Q with Nq, Nq, s' ,r' ,6', fi' , S , , s+, 

r+,9+,ii+,5+. We get (recall > Nq) 



E^-d^P) 



i>2 ■ 



< 



Il533ll . l[5:i6ll , n- n 



(5.54) 



and, similarly, 

E^-d-^(PF) 



J>2 



ii3:67t 

< 



^+^\\P\\'s,rM^ ,e.,fj.\\PK llIr,7Vo.e,/i 



Finally, by Proposition 13. 11 applied with 



No,Ni,si,ri,ei,ni,5 NQ,N^,s+,r+,d+,fi+,S+ 



(5.55) 
(5.56) 



we get 



adF(P-') 



15331 . 15321 , _ „ 



(5.57) 



The bounds ([E5i)) . ((535|) . ([537)) . and 6 < 1 (see ((5^ ). prove the lemma. 
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Lemma 5.5. (|5.5ip holds. 

Proof. By Proposition [3TT] (applied with (|5.56p ) we have 



< 



'^+^\\P\\'s,r,N*,e,tJ.\\P''^\\'s,r,No,e,iJ, 



15331, lEinj.Giinj 



(5.58) 



and (i?3T]) follows by ([OT]) . (13101), (1333, (^^ (EMI), Lemma EH and £ < 36 (which follows by 
mim and (13311)). ■ 

We now consider p|''\ /i = 0, 1,2. The term adp-P-^ in (jOTl) does not contribute to P|"'. On 
the contrary, its contribution to Pj.^^ is 

{PW,P(3)} 



(2) 

and to P^ is 



Lemma 5.6. ||{P(°),P(3)}|| 



{P«,P(3)} + {P(0),P(4)}. 



(5.59) 
(5.60) 



{P«,p(3)} + {p(o),p(4)} 



Proof. By ((33^ (applied with (i535)) l. (|533)) . (jOS)) and (|33g)) . ■ 

The contribution of P - P|^ in (|07)) to p|''\ = 0, 1, 2, is P^'^. 



<(5;i/^^7(e(o) +£(i))e. 



Lemma 5.7. I P 



CO II T 

>K\\s+,r+^N+M+,fi+ 



Proof. By ({3:131) and ■ 

Proof of Proposition 15.21 completed. Finally, (|5.50p follows by (|5.37p . Lemmata 15.41 15.61 
(and ([5351) - ([ETO l) ). Lemma lO and 8 < 1. 



5.3 KAM iteration 

Lemma 5.8. Suppose that ef'\ e[^\ e['^'^ > 0, i = 0, . . . , satisfy 



-(0) 



-(2) 



(0) ^-if.2' 



(5.61) 



effi < aK'(£f)+£P'+£?) 



z = 0, . . . , — 1 



where £i := ef'' + ^i^"* + /"'^ some K,C^,K^ > 1. P/ien i/iere exist £^ < 1,C^ > 0, x G (1,2), 
depending only on K,C,:,K^ (and not on v and satisfying 1 < C*e~^*j, such that, if 



eo<e. =^ e^< £o e"^*'^' , = 0, 
Proof. Iterating three times (j5.6ip we get 



(5.62) 



< 



< CaCJ^K^^^ £,^+£»+£ 



-ii:.2J 



VO < i^-3. 



(5.63) 
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for suitable constants 1 < ci < C2 < C3. 

We first claim that (|5.62[) holds with x 6/5 for all i = 3j < v- Setting aj :— esj, we prove that 
there exist large and e^, small (as in the statement) such that if ao < e^, then 

(S)^. a J < ci+Voe^^**'' , VO < J < 1^/3 

for a suitable C4 = C4(K, C*,A'*) > 1 large enough and x < '2^^^, e.g. x •= 5/4. We proceed by 
induction. The statement (S)q is trivial. Now suppose (S)^ holds true. Note that aj < 1 taking 

< nune^**'V4^^- Then (S)^.^^ follows by 



since 403^^ K3'=«(4+^aoe-'^** ' )e-'^*^ ' < 4+^006--^** taking C4 large enough (use x < 2) and 

4c3Cf K3^^^"(4+Voe-^**'^ f < 4+2aoe-^**'^^' 

taking ao < e^, small enough. We have proved inductively {S)j. Then (|5.62p for i ~ 3j follows since 
6/5 =: X < X ■= 5/4 and taking large enough. The cases i — 3j + 1 and i = 3j + 2 follow 
analogously noting that ei, £2 can be made small by (j5.61|l taking small. ■ 
For 1/ G N, we define 

• X, :=A-o4% iV, iVo2'''' with iVo := C7-i/3/io^+\ p := max {2(r + 1), } , 

. :=A^,-Mo2-''-2 \ ^, + 002-"- V 3y . (5.64) 

We consider H° ^ J^q + Pq : Dq x ^ C with A^o := eo + uj^'^HO ' y + ^^°H0 ' We suppose 
that w(°) and are defined on the whole K" (using in case the Kirszbraun extension theorem), 
that satisfies ^ and \uj^°^\^'p, I^^^^YcL^ < Mq on M". Let Co C e C : B^/Mo(0 C O,} 
where O, is defined in ()5.f p and Br{^) denotes the open ball in R" of center ^ and radius r > 0. 

Lemma 5.9. (Iterative lemma) Let be as above and let eo, 6o be defined as in (j5.46[) for Pq. 

Then there are Kq > large enough, eo > small enough, such that, if 

£o,©o<eo, (5.65) 

then 

(Sl)^ VO < i < I', there exist rj(*\ a'f defined for all ^ G R", satisfying 

I^W _ ^(o)| + ^i^W _ w(o)|iip^ _ f^(o)|^ _^ _ ^(o)|iip < _ 2-')jeo (5.66) 

|a« I <C(1- 2-^)7^0, M^Y'P, |f^«|'cLP<(2-2-0A'/o. (5.67) 

There exists W -.^ + Pi : Di x ^ C with M := e, + J'^^) ■ y + 

■ zz in normal form, 

where, for i > 0, 

O., := : |c.('-i)(0.fc + f7('-i)(0-Z|>(l-2-^)^^^,V(fc,Z)eI, \k\ < K,., , 

|^(*-i)(O-fc+p|>(l-2-')^^^,V(fc,p)^(0,0), |fc| <i^,_i, pez}. (5.68) 
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Moreover, \/\<i<v, W = o where x ^- is a (Lipschitz) family (in Cz Oi) 

of close-to-the-identity analytic symplectic maps. Setting, for h = 0,1, 2, 
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e[''^ ■.= r'me.^{\\pt''\\l.r,,N.,e,.,, , I^p(m|1..} , := ^ef ^ , (5.69) 

h=0 

VI < i < and G K" 

l^f (^) - - ^r'^(^) + «lw ^ 407^ , Vbl > 6(iY,_i + 1) . (5.70) 

(52) ^ yO < i < ^ 1, the ef \ef \ef ^ safe/y (MW with K = 4^^+^. f 2t + n + 1, = 4^2?^ 
i^* = Soi^o/4. 

(53) i/ yO < i < we have £; < C*£oe~^*'^ aJ^rf 6i < 20o (recall that C*e~^* > 1, see Lemma \5. 8\) . 

Proof. The statement (Sl)^ follows by the hypotheses setting a'£\^) := 0, e R". (S2)q is 
empty. (S3)q is trivial. We then proceed by induction. 

(S1),+i. We denote := V,(P,(0)|,=o..=2=o and := | ,=o..=.-=o(^^(0), see (EMD, 
for all ^ £ Oi, if > 1 and ^ G O* (see (|5.ip ) if = 0. By Lemma and (|5.69p there exist constants 
a^t^HC) e K such that 

|a;(^)(C)| , li^e'nOloo , |aL^>(OI < 2^e, , ~ < 407^ , V|j| > 6(7V. + 1) , (5.71) 

uniformly in ^ G Oi, (rcsp. if = 0), and 

Let 

770 := A = 7/Mo , 77. := 7/(2''+^Afoif:^!) , > 1 . (5.73) 
We claim that, for > 1, the ?7y-ncighborhood of O^+i 

a+i := U ^ • + 1^1 < ^4 ^ (5-74) 



+1 



Note that the definitions of Oo, d in and ((g?751) imply Oi C O*. RecaUing we have to 

prove that for v>l, for every ^ = ^ + ^, ^ G Ou+i, |CI < 'yi^j we have 

\u^'^-^){^).k + n^''-'\0-i\>{i-2-'')-^^, v(fc,Oei, |fc| <if,_i, (5.75) 

1 + \ky 

and the analogous estimate for |aj''^^^^(^) • fc + By the expression (|5.77p (at the previous step) for 
^(i^)^ fi^''), and since Xu-i G [0, 1], we get 

|c.(''-i)(e) • k + i7(''-i'(0 • 'I > ■ k + n^-Hi) ■ i\ - k.-iiim^^^'HO ■ k + n^-'-'Ho ■ i\ 

^ |c.M(0 • k + r!('^)(C) • /| - |(wM(|) - Lu<^''\0) ■ k + (n^'^HO - ^'^"HO) ■ l\ - 27£.-i(A".-i + 2) 

CGO„+i,lI31},(si)„ 27 

> (1 - 2-"-^) ^ , - (if,_i + 2)2Mo?7„ - 27£,_i(A'„_i + 2) 



> (1-2"'') 



l + lfcl- 
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taking eo small enough, and (|5.75p follows. The estimate for ■ k + p\ follows similarly. 

We define a smooth cut-off function Xi^ '■ — > [0, 1] which takes value 1 on Oi^+i and value 
outside Ojy+i. Thanks to (|5.74[) and recalling (|5.73p we can construct Xi^j ^ ^ 0, in such a way that 

|x.|"P<7-'Mo2''/C^i' (5.76) 

where A'_i := 1. We extend Ld''''\ Cl''''\ a';^^ to zero outside Oi, for > 1 and, for = outside O*. 
Then we define on the wiiote M" 

^(.+1) J.) + ^^^(.) ^ ^i^+i) ,^ ^i.) + ^^CiH ^ ^ ^J^) (5 

By aUim . (IS3a), (ISTTD . we get 

by (S3),, and Eq small enough. Similarly for \n^''+^'> - rJ^'^^l'^P. Recalling also ((5TT|) . we get ((SiM)) and 
([537)1 with i = iy + l. Moreover ([5TT|) - ([5T7|) imply ([ETO)) for i = + 1 and V|j| > 6(A^^ + 1). 

We wish to apply the KAM step Proposition [O with M ^ Af^,P = Py.Na = N^,e = 0^ . . . 
and = N^^i,6^ = 6'^+i, . . . Our definitions in (j5.64[) (and r > 1/6) imply that the condition^ 
(|5.47p - (|5.48p are satisfied, for all v G N, taking A'o large enough. Moreover, since 

S+ =S,+i:=mm\l-^,l-^\ so that 2-"-2 < ^ < ^ (5.78) 

and (53)^ the condition (|5.49p is satisfied, for Eq < eo small enough, G N. By (|5.70p . the condition 
(|CTT|) holds for |j| > e^N^, and (|ETi)) and (lETO)) hold for all ^ e O^+i (it is the definition of O^+i, 
see (15.681) 1. Hence Proposition 15.21 applies. For all ^ e O^+i the Hamiltonian fiow ^''^^ := : 
15^+1 X 0^+1 ^ Di, and wc define 

iJ-^+i := o $"^+1 = e^d^'^ i?"^ = AC+i + P.+i : x ^ C . 

(S2)^^i follows by ((53g| and ((53^ . 

(83)^^-1^. By {S2)i, wc can apply Lemma [5.81 and (j5.62p implies e^+i < C*eoe~^*'^ ^ . Moreover, for 



eo small enough, e^+i < Qo^'^Jl + Cdi^Jx^'^ei) < 29, 



Jo ■ ■ 

Proof of the KAM Theorem 14.11 completed. We apply the iterative Lemma 15.91 to the Hamil- 
tonian H'^ in (|5.6p where and il*-"-* = are defined in (|4.ip . We choose 

Oo := {e e O : |a.(0 • fc| > , VO < |fc| < (5.79) 

so that Oq C e : -B^/a/JC) C O*}' see (|ET|) and The smallness assumption ([EBS)) holds 

by (|5.8p - (|5.9p (use also Lemma [3. 4p and e small enough. Then the iterative Lemma [5.91 applies. Let 
us define 

oj°" ~ lim u'^"^ , := lim n'^''^ , := lim a^t"^ . 

It could happen that = for some lyQ. In such a case Ooo = and the iterative process stops after 
finitely many steps. However, we can always set oj'-''-' u!^'^°\ fi'-'^' a^^^ :— a[^°\ > uq, 

and ri°°, are always well defined. 

The bounds (|4.8|) follow by (|5.66p (with a different constant C). We now prove (|4.9p . We consider 
the case j > 0. For all Vi' > 0, j > 6(A^^ + 1), we have (recall that = 0) 

Q<i<iy i>u 

< 407 5: f+47E^"' < T^+^E^"- 



^For example the first inequaUty in 115.4711 reads A'',y+i > max{A'',,, £7 ^^^Kl'^^,N}. 
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Therefore, \lv > 0, 6{N^ + I) < j < 6(7V^+i + 1), 

and gH) follows by {SZ)^. 

The symplectic transformation $ in (|4.10p is defined by 

(f> := lim $00 o o o ■ ■ ■ o i^" 

with $00 defined in (|5.4p . We now verify that $ is defined on Ooo, see (|4.1ip . 
Lemma 5.10. Ooo C njOi (defined in ([5^ ). 

Proof. We have Ooo C Co by (jiHI) and ^1^. For i > 1, if C G Ocx) then, for aU \k\ < lU, \l\ < 2, 

n>z n>i 

by the definition of Ki in (|5.64p . {S3)i, and £ small enough. The other estimate is analogous. ■ 

Finally = (see (|4.12p ') follows by e,; — >■ as i — > oo. This concludes the proof of Theorem |4. II 

6 Measure estimates: proof of Theorem 14.21 

We have to estimate the measure of 

0\0oo^ U U 7^,p(7^/3)|J(0\Oo) (6.1) 

(/c,OgAoUAiUA+UA- (fc,p)£Z" + i\{0} 



where 



n,,i^'/'):^ni^ij'/'):={^eO : |^-(e) • fc + p| < ^^^} (6.3) 



and 



At - 



\k\^ 

1/3 

A^:=|(fc,0Gl(see(|13])), h = 0,1,2, A2 = A+ U , (6.4) 

|(fc,/) e A2, ? = ±(ej + ej)| , A" := |(fc,/) G A2 , / = e, - e^-j . 
We first consider the most difficult case A^. Setting TZk.ijil) ■= T^k,ei-ej{'j) we show that 

I U ^m(7)| = | U 7^,,,M(7)|<7'/V"' (6.5) 

where 

I:={(fc,*,j)eZ"x(Z\I)2 : (fc,z,j)^(0,i,i), j-fc + *-.?=o}. (6.6) 
Note that the indices in I satisfy 

IN - IjII < K|fc| and k^O. (6.7) 
Since the matrix A in (j4.13p is invertible, the bound (j4.8p implies, for e small enough, that 

'{O) is invertible and \{Lu°°)-^f'P<2\\A-^\\. (6.8) 
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Lemma 6.1. For {k,i,j) e I, 7] G (0,1), we have 



l-^h.MKjf^- (6.9) 



Proof. By gSl) and (|iT^ 



• k + nno - ^TiO = • fc + V^' + m - v<fT^ + 

where 

k.,.(e)l=0(£7), = 0(£). (6.10) 

We introduce the final frequencies C '■— as parameters (see (|6.8p ). and we consider 



/fc,».j(C) :-C-fc + V«^ + m- v/j2T^ + r,j(C) 

where also fij := r^.j o (a;°°)^^ satisfies (|6.10p . In the direction ( = sk\k\^^ +w, w-k = 0, the function 
fk,i,j{s) := fk,t,j{sk\k\~^ +w) satisfies 

/m,j(s2)-/mj(si) > {s2~si){\k\^Ce)>{s2~si)\k\/2. 
Since |fc| > 1 (recall (jG.yp ). by Fubini theorem, 

277 1 W""^ 



{Ce.-(C^):|/,„,(C)|<^} 



< 



|/c|^J l + |fc|^+i' 
By (113 the bound (EH) follows. ■ 
We split 

I = I>UI< where I> := |(fc, i,.?) e I : min{|i|, > (7,7-1/^(1 + |fcr°)} (6.11) 

where Cj > in (|i^ and tq := ?i + 1. We set I< := I \ I>. 
Lemma 6.2. For all {k,i,j) £ I> we have 

(see (|6.2p ]. io: jo G Z\I satisfy 

s{io) = s{i) , s(jo) = s(j) , |io| - |jo| N - |j| (6.13) 

and 

min{|zo|, |jo|} = [Q7^'/'(1 + l^f")] • (6.14) 
Proof. Since |j| > 7~^/^C*, by (|4.9[) and (|4.13p we have the frequency asymptotic 

^TiO - 1^1 + ^ + ^ ■ ^ + <s}iO + O ( j^) + O (e^) . (6.15) 

By m we have ||*| - \\io\ ~ boll < C\k\, \k\ > 1. If C G 0\nZ„^^^{2j^^'), since K|, |j| > a^o := 

min{|io|, |jo|} (recall (|6.1ip and (|6.14p ), we have 

^ i + |fc|ro - IN - Nol- IjI + IjoII 

I 00 00 00 I „oo I 



Mo Mi] 2 |i||j| 2 liolbol 

4-y2/3 ^2/3 272/3 

- TT[fcF~ ^"mT" m! " 1 + |fcr« 
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taking Cj in (|6.14p large enough. Therefore C e O \ 7e[°,;^^ (7^/^) proving (|6.12p . 
As a corohary we deduce: 



Lemma 6.3. | |J 7^^,(7) 

(fc/j,i)6i> 



Proof. Since < 7 < 1 and r > tq (see (gH])), we have (see (g^)) 7^^.,J (7) C 7^fc';iJ(7^/^). Then 
Lemma [nil] and (|6.9p imply that, for each /s e Z", p e Z fixed 



U '^hA^) 

(fc,ij')ei>, |i|-|j|=p 



Therefore 



proving the lemma. 



(fc,'ij)ei> fc>l<c|fe| ' ' fc ' ' 



Lemma 6.4. | |J 7^^.,,, (7) 

(fc,iJ)GI< 



Proof. For ah (fc,i,j) e I< such that TZl i jij) 7^ we have (see (|6i6|)) 

min{|z|, |j|} < Q7-'/'(l + \kn , J-i = k-2 =^ nmx{|z|, < C"7"^/'(l + \kn ■ 
Therefore, using also Lemma I5TT] and (|6.7I) 

(fc,j,j)6i< fc iii<cs-i/3(i+ifcrii) 

which, by (j4.15[) . gives the lemma. ■ 

Lemmata 16.31 16.41 implv (|6.5p . This concludes the case {k,l) G A^. Let consider the other cases. 
The analogue of Lemma 16.11 is 

Lemma 6.5. For {k, /) e Aq U Ai U Aj, 77 £ (0, \/m/2), we have 

|7efcK^y)l<^^. (6.16) 

Proof. We consider only the case (fc, I) e , I = ei + Cj. By (|4.8p and (|4.13p 



A-,,,,(0 w°°(0 • fc + (C) + Of(0 = a.°°(0 • fc + + m + + m + 2a • ^ + r,,,(e) 
where |rij(^)| ~ 0{e^) , l^ij-^'P = 0{e). Changing variables <^ := lOooH) we find 



fk,rAO C ■ fc + + m + + m + 2a ■ A'^C ^ ^) + h,j (C) (6.17) 

where also 

r~;,,(C) = 0(£7), = 0(£). (6.18) 

If fc = a = then the function in (|6.17p is bigger than -^111 and Tloi{i]) = 0, for < 77 < \/m/2. 
Otherwise, by (j4.14p . the vector 

A^k + 2a^ A'^{k + 2{A-^fa) satisfies |a| > c = c(A, a) > , Vfc 7^ . (6.19) 



49 



The function fk,i,jis) := fk,i,jisa\a\ ^ + w), a • «; = 0, satisfies fk,i.j{s2) - /fc,4j(si) > (s2 - si)(|a| - 
Ce) > (s2 - si)|a|/2 by (pjfg)) . Then ([gl^ fohows by ((O^ and Fubini theorem. ■ 

By Lemma [631 (|6.2p . (j6.3p . (|5.79p and standard argmnents (as above) 

U 7^,K7)|<7P""^ I U ^.p(7'/')|, |0\Oo|<7'/V"'. (6.20) 

(fc,OeAouAiuA+ (fc,p)eZ"+i\{o} 

Finally dHI]), (E3]), imply (|iTl)) . 

7 Application to DNLW 

For (ji, . . . , jd) e Z'', CT = (cti, . . . , cTd) g {±}'' we denote ct • J*:= cri.n + . . . + crdjd, and, given 
{uj, Uj)j^z — define the monomial u2 uj^^ • • • u"^^ (of degree d). 

7.1 The partial Birkhoff normal form 

We now consider the Hamiltonian (|1.4p when -F(s) = since terms of order five or more will not 



make any difference, see remark [7. II 

After a rescaling of the variables (and of the Hamiltonian) it becomes 

H = EV>7+ E 4=:N + G (7.1) 

- ^ V- ^ ^ (l^l + l/3|)! 4! 

iGZ |a| + |/}|=4,7r(Q,^)=0 

where (w^, w^) = {u, u) G f'^ x ^^'^ for some a > 0, p > 1/2, and the momentum is (see (|2.86p ) 
Note that < Gq,/j < 4! (recall a! = Il,(zzai\) 

Lemma 7.1. For a/Z R > 0, Nq satisfying (j3.1|l . i/ie Hamiltonian G defined in (|7.ip belongs to 
Q^(7Vo,3/2,4) and 

ll^llfl,Wo,3/2,4 ll-'^Glli? < -R^ ■ (7.2) 

Proof. The Hamiltonian vector field Xq '■= (— i(?aG, i(?„G) has components 

iadu'^G = iff ^ G^^/s"""'' ' = ± > ^ e Z , 

a| + |^|=3,7r(a,^) = -cr; 

where 

^Q^3 = i'^l + l)G'a+e,,/3 , G ^ p = (/3; + l)Ga,/3+e, ■ 

Note that < G^"^^ < 5! By Definitions [g^H] and 

1 / ^ . _ s 2\ 1/2 



WXcWn-j, sup J2 e'^^Hir^i E 

For each component 



,,cr=± |a| + |/3|=3 ,7r(Q,0)=-cri 



|q| + |;9|=3 ,ir(Q,/3) = -(Ti 0-iji+cr2j2+C3j3=-0"i 



< (U * U * 
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where u := {ui)i^z, Uj :— \uj\ + \uj\, and * denotes the convolution of sequences. Note that ||M||a.p < 
ll^lla.p + ||w||a,p- Since i""'^ is an Hilbcrt algebra, ||u * m * w||a,p < ||w||a,p; ^-^id 

/ \ 

\\Xg\\b, < sup e2-l'l(02J'|(7i*S*7i)_,,n (7.3) 

||"||a,p,||tl|U,p<H V / 

< R^^ sup \\u * u * u\\a,p < R^^ sup \\u\\\ .p<R^. 

||'"||a,p,||fi||a,p<-R. ||«||o,p,||'a||a,p<-R 

Moreover G G H™'', namely G Poisson commutes with the momentum A4 := jWj'Oj, because (see 

{M,uf} = ^ia-juf. (7.4) 

We now prove that, for all N > Nq, the projection I1n,3/2,4^ ^ Tr(-^7 3/2, 4). Hence (j7.2p follows by 
(|7.3p (see Definition 13. 4p . By Definition 13.21 (with gr ^ G, no (x, j/)-variables and z = u, z = u), in 
particular p.l2p . p.l3p . we get 



^N,3/2,4G = G^'^^{wl)u'^u'^ with 

|Tn|,|ri|>3iV/2,cr,(T'=± 



7r(a,/3) = -^m-<T',i 



Ga,P,m,n ~ ^a+en, ,;3+e„ = 24 = . 

These coefficients trivially satisfy ((3l^ (with / -w G), so n7v,3/2,4G' G 7R(iV, 3/2, 4). ■ 
Wc now perform a Birkhoff semi-normal form on the tangential sites 

2^ := {ji, •■•,:«} C Z, ji<---<j„, (7.5) 

recall dHH). Let I" ■.= Z\I. 
Set 

'^-■=\ Gyw+ur^u-, G., :=12(2-<5,,), G := ^ Txf. (7.6) 

By (|7.2p and noting that G, G are projections of G, for R > 0, Nq satisfying p.ip . we have 

ll'^llK,Afo,3/2,4 ' ll^llfl.Wo, 3/2,4 < ■ C^-''') 

Proposition 7.1. (BirkhofT normal form) For any I C Z and m > 0, there exists Rq > and a 
real analytie, sympleetic change of variables 

r : X C T'P X -> Bfl, X C T'P x T'P , < R < Rq , 

that takes the Hamiltonian H = N + G in (|7.ip mio 

i?Birkhoff :=i^°r = iV + G + G + if (7.8) 

where G, G are defined in (|7.6p and 

K:= Y (7.9) 

d>3, CT-i"— 



satisfies, for Nq := Nq(t[i,I, L,b) large enough 

l_R/2,Ar(?,,2,3 



^I1W,.2,3<^'- (7-10) 
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The rest of this subsection is devoted to the proof of Proposition 17.11 We start foUowing the 
strategy of [3S] . By (|2.8ip the Poisson bracket 

{N,uf} = -ia-Xj'uf (7.11) 



where Aj := (Aj^ , . . . , Xj^) and Aj := Aj(ni) := ^/ p + m. 
The following lemma extends Lemma 4 of j25j . 

Lemma 7.2. (Small divisors) Let Je Z**, G {±}^ he such that cr ■ j = and (up to permutation 
of the indexes ) 

4 

j = 0,^a, ^0, (7.12) 

or j= (0,0,<7,g), q^0,(T^=<72, (7.13) 

or J= (p,_p, -_p, -_p), _P7^0,cri =(72, (7.14) 

or {p,p,q,q) . (7.15) 

Then, there exists an absolute constant c* > 0, suc/i that, for every m £ (0,oo), 

\a- Aj<m)| > ^*™N-i/2 > ^'^'^^^ "0 min{(ji), (72), (.73), (^4)} ■ (7.16) 

Proof. In the Appendix. ■ 

The map F :— is obtained as the time-1 flow generated by the Hamiltonian 

and J-gCX^)* 

We notice that the condition J*-(T = 0,(T-Aj-7^0is equivalent to requiring that J*- <? = and J, a satisfy 
(|7.12p - (|7.15|) . By Lemma [7.21 there is a constant c > (depending only on m and T) such that 

J-(T==0,(T- Aj-7^0 and (r)'^ =^ |(7 • Aj-| > c > . (7.18) 

We have proved that the moduli of the small divisors in (|7.17p are uniformly bounded away from zero. 
Hence F is well defined and, arguing as in Lemma 1 7. 1[ we get 

\\Xf\\r<R^. (7.19) 

Moreover F e "H™" because in (j7.17p the sum is restricted to <? • J= (see also (|7.4p ). 

Lemma 7.3. F in (|7.17p solves the homological equation 

{N,F} + G = &Af{N) + G^G + G (7.20) 

where G, G are defined in (j7.6p . 

Proof. We claim that the only j G Z^, a € {±}^ with j • ct = which do not satisfy (|7.12p - (|7.15p 
have the form 

ji = j2 , j3 = j4 , <Ti = —<T2 , = — (T4 (or permutations of the indexes) . (7.21) 
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Indeed: 

If j~ 0; Oi ~ 0: the Oi are pairwise equal and (|7.2ip holds. 

i 

If ]= (0, 0, q, g), 0; and a\ = —(72'- by J- (7 = we have also 0-3 = — (T4 and (j7.2ip holds. 

If j= (j),p, —p, —p), P 7^ and (Ji = —(72'- by J- (7 = we have also (T3 = — (T4 and (j7.2ip holds. 

If 31 = .72, js .74, ji, ^3 7^ 0, ji 7^ -.73: 
Case 1: ji ^ ja. Then = • J= (<ti + o-2)ji + (0-3 + 0-4)73 implies cri = -(T2, 0-3 = -o-4- 
Case 2: = and so ji ~ j2 = js = .14 7^ 0. Hence = (cri + 172 + 0-3 + (T4)ji and (|7.2ip follows. 

By (|7.17p and (|7.1ip all the monomials in {N, F} caneel the monomials of G in (|7.ip except for 
those in G (see (|7.6p ) and those of the form |upp|uqp, p or g g I, which contribute to G. The 
expression in (|7.6p of G follows by counting the multiplicities. ■ 

The Hamiltonian F e "H™" in ([7T7)) is quasi- Toplitz: 

Lemma 7.4. Lei i? > 0. If Nq := iVo(m,I, i,6) is /an;e enough, then F defined in (|7.17p belongs to 
SS(iVo,3/2,4) and 

\\F\\l,NomA<R'- (7-22) 

Proof. We have to show that F € H^"" verifies Definition 13.41 For aU N > Nq, we compute, by 
(j7.17p and Definition 13.21 (in particular p.l2p '). the projection 

^n,3/2aF^ J2 F,^;;'(u;^)<„<' (7.23) 



|n|,|,Ti|>CN/4. 
' = ± ,|<Tm + cr'n|<4N-C' 



where 



F^niw) ■■= -12i y ^ r^^T 7^ (7.24) 



E (7-25) 



jm + ,T're=-,r(c,,/J), |a| + |3|=2, c^l3i{m = r. 



and 



Notice that in (|7.24p the restriction i 7^ j if m = n is equivalent to requiring 
{{i,j,m,n), (CT,,CTj,cr, cr')} 7^ {(*,«, ™,to), (cr,;, -cr,, fX, -ct)} , 

see Formula (|7.17p and (|7.2ip . Indeed if m = n , + \ j\ < 4iV^ and \m\ > GN/4 then, by momentum 
conservation, we have a contribution to (|7.24p only if cr = —a' and hence |i| = 
We define the Toplitz approximation 

F:=Y. FXn {^"^XK with {w^) ^ F^-.'^^^^^S'' (7.27) 

where the indexes in the two sums have the same restrictions as in (j7.23p . (|7.25p . respectively, and 
the coefficients are 

24i 1 

■ a!/3!A„,0 + a|m|-(T|n| ' a,/?.™," • ■ V - ; 

The coefficients in (|7.28p are well defined for N > Nq large enough, because 

\Xa,i3 + <j\m\ - a\n\\ > |Aq,/3 + cr A™ - cr A„| - |A,„ - |m|| - |A„ - |n|| 



Cm-AZm m / 1 1 \ 2 m c , , 

- ^"-2 (h+r)-'"3]Vo-2' ^'-''^ 
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(c defined in (j7.18p ) having used the elementary inequahty 



+ m- |n|| < l/(2|n|) . (7.30) 
Then ((T?7)) . (|7^ . (|7?^ imply, arguing as in the proof of Lemma [7?I1 that 

\\X^\\r<R\ (7.31) 
For proving that F E Tr{Nq^ 3/2, 4) we have to show (j3.15p (with f F), namely 

K'Xn.,n = K]i{s{m),am + a'n) (7.32) 



wi 



th 



24i 1 

<:r(^' ^) - -^.xZiTTh ' "^^^^ - ° ' ^ = ± ' ^ ^ • 

Recalling (|7.28p . this is obvious when a' = cr. When a' = —a we first note that s(?t!,) = s(n). Indeed 
the restriction on the first sum in (|7.27p is (recall (j7.23[) ') |77i|, > 3N/2, \am — an\ < AN^ , which 
implies s(m) = s(?i) by p.ip . Then 

(T|m| — a\n\ = as(m)m — crs(7i)7i = s{m){am — crn) 

and ((73^ follows. We have proved that F e TrIA'^q, 3/2, 4). 
The Toplitz defect, defined by ((X^ . is 

^:=E^™;"("'^)«' ^ith F;^;;'(u;^):=E<l'™,n"""'' (^.33) 
where the indexes in the two sums have the same restrictions as in (|7.23p - (|7.25p . and 
'a a 24i A'' 

^a',B,m.n ~ ~ TTTflTl , ^\ , ^\ (7.34) 



F'^'al „ = -N 



24i / 1 



"'^■™'" a\f3\ + - + CT\m\ ~ CT\n\ 

24i A^g(A„, - |m| - A„ + |n|) 

a\fi\ {Xa.p + crAm - o-A„)(Aq,/3 + o-|n^| - CT|n|) 



(7.35) 



We now proof that the coefficients in (|7.34p - (|7.35p are bounded by a constant independent of N . 
The coefficients in (j7.34p are bounded because 

|Aa,,3| < E A,,(|a/,| + |/3,,|) < E |/i|(|a,,| + |/3,,|) + VSE(|a,,| + |/3,,|) < 4Ar^ + 2x/S 

h h h 

by (11221) -(ElSl) (note that A^ < \h\ + V™) and 

\K,ti + ctA„ + ctA„| > |A„ + A„| - |A„,^| > 37V - 4Ar-^ - 2\/S > 3A^/2 

for N > Nq large enough. 

The coefficients in (f05)) are bounded by ([7?TS)) . ((7?^ . and 

iV|A,„-|m|-A„ + |n|| < A^-^ + ^ <-m. 

2 V \m\ \m\ ) 3 

Hence arguing as in the proof of Lemma 17.11 we get 

(7.36) 
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In conclusion, ^TJ^ . (jT^Tj) . ([TTMl) imply (fT^ (recall (P^O]) ). 
Proof of Proposition ITJJ completed. We have 



Z! ^ — ' l< 

i>2 i>l 



e^'^'-H = e'''^''N + e'''^''G = N + {N,F} + y"^a.d'p(N)+G + y"^SidUG) 

1 



^ iV + G + G + ;^--^adi.(adf(7V)) +;^iadj.(G) 

Z>1 " 



= N+G+G+K 
where, using again (|7.20p . 

^ - y \^, adV(G + G - G) + y iadj.G A'l + i^a ■ (7.37) 

Proof of (j7.9p . We claim that in the expansion of K in (|7.37|) there are only monomials with 
Je Z^"^, a e {+, — l^'^, d > 3. Indeed F, G, G, G contain only monomials of degree four and, for any 
monomial m, adF(tTi) contains only monomials of degree equal to the deg(m) + 2. The restriction 
(T • J = follows by the Jacobi identity (j2.82p . since F,G,G,G preserve momentum, i.e. Poisson 
commute with A/. 

Proof of (j7.10p . We apply Proposition 13.21 with (no {x,y) variables and) 

^ |G forifz, 

6* -^3/2, 9' -^2, fi^A, 
Nq defined in Lemma 17.41 and A^q > A'o satisfying p.64p and 

K{N^)^-^lnN[^<l, {6 + K){N^)^-HnN^<l/2. (7.38) 

Note that ((3J5| follows by (fr38| . By ([T^ . the assumption ((3^ is verified for every < R < Ro, 
with Rq small enough. Then Proposition 13.21 applies and (|7.10l) follows by p.67p (with h ^ 1), (j7.2p . 
and (1721). ■ 

7.2 Action-angle variables 

We introduce action-angle variables on the tangential sites I:={ji,...,j„} (see (|7.5p ) via the analytic 
and symplectic map 

$(x,2/,z,z;0 :=(u,S) (7.39) 

defined by 



"j, := V^i + VI e'"" , tij, — V^i+yie , I ^ 1, . . . ,n , Uj := zj , := Zj , j . (7.40) 

Let 

:={eGK" : ^<a<p, / = nj. (7.41) 
Lemma 7.5. (Domains) Let r, R, p > satisfy 

I6r^<p, p = C\R^ with G"^ := 48nK2Pe2("+°'^^ (7.42) 
Then, for all ^ G Op U 02p, the map 

$( • ; e) : D{s, 2r) ^ 2?(i?/2) := Br,^ x C x T'^ (7.43) 
zs weH defined and analytic {D{s,2r) is defined in (|2.5p and k in p.ip ). 



55 



i7A2l 

Proof. Note first that for {x,y,z,z) e D{s,2r) we have (see (ES])) that \yi\ < Ar^ < p/A < ^i, 
G Op U 02p- Then the map yi i— )• \/ £,i + yi is well defined and analytic. Moreover, for £_i < 2p, 
<K,xe r;, ||z||a,p < 2r, we get 



proving (|7.43p (the bound for u is the same). ■ 

Given a function F : 2?(i?/2) C, the previous Lemma shows that the composite map F o ^ : 
D{s, 2r) C. The main result of this section is Proposition [72J if F is quasi-Toplitz in the variables 
(u, u) then the composite _F o $ is quasi-Toplitz in the variables (a;, y, z, z) (see Definition 13. 4p . 

We write 

F^Y. ^-^"^-/^ ' ^'^•0 ■■= (-^"^r''' iu^'Y'' in^'Y^' iu^'Y^' , (7.44) 

a, 13 

where 

u = (m(^\w(2)) , w(^) := {ujljgx, w*^^^ := {uj}j^x\Xi similarly for u, 

and 

(a,/3) = (aW+a(2)^^(i)+^(2))^ («W, /?W) {«„ , (a^^) , /3(2)) := {a,, /3,}^.g^\x . (7.45) 
We define 

n'li -.^ [f e He : F= ^ F^^^u'^u^j. (7.46) 

|a(2)+^(2)|>rf 

Proposition 7.2. (Quasi— Toplitz) Let No,0, p., p' satisfying p.ip and 

(//' - aO^o'' > < > A^o2' - +^ < 1 . (7.47) 
IfFe QRf2iNo,0,p')nn%j2 with d = 0,1, then f :=Fo$e Ql,.{No,0,p) and 

\\f\\lrM,,o, < i»r/Rr-^F\\l/,^j,^^,^^, . (7.48) 



The rest of this section is devoted to the proof of Proposition 17.21 Introducing the action-angle 
variables (|7.40p in (|7.44p . and using the Taylor expansion 



h>0 

we get 



fe,i,a(2),/3(2) 

with Taylor-Fourier coefficients 

/fc,i,a(2)_^(2) := E -Pli./sJ^^/ ^ '[ ]• (7-51) 

Q(i)-0(i)=fc 1=1 V / 

We need an upper bound on the binomial coefficients. 
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Lemma 7.6. For \t\ < 1/2 we have 



h>0 



/i>i 



<3'=|t|, Vfc>l 



Proof. By (|7.49|) and the definition of majorant (see p.!!!) ) we liave 



because 



h>0 

1 

2 

h 



h>0 



h>0 



(7.52) 



(7.53) 



< 1 by (I733)- For \t\ < 1/2 tlie bound ((73^ implies (jT^^ -fz). Ne 



/i>i 



/i>0 



i rr49i 



h>0 



\h\ I 2 

.h 



-h\ 



^<fc|tiEi^i' 



h>0 



< k2''\t\ 



which implies (j7.52|) -fM') for A: > 1. ■ 

Lemma 7.7. (A/-regularity) If F e 'H%/2 ^^^^ f := F o ^ e T-Lsar and 

R/2 ■ 

Moreover if F preserves momentum then so does F o 
Proof. We first bound the majorant norm 

\\f\\s,2r,0,\J02p — sup sup 



(7.54) 



E l/fe.i,a(2),/3(2) |e'' 



(7.55) 



Fix a(^\/3(2'. Since for all ^ € Op U02p, y € 5(2^)2, we have \yi/£.i\ < 1/2 by (fr42)) . we have 

E^'"'Ei/M.«<^'./3<^'iiyr (7.56) 



E - 

a(i),/3(i) 



< 



HE 

i=l i,>0 



2 



(7.57) 



(7.58) 



a(i),/3(i) 

Then, substituting in (|7.55p . 



||/lls,2r,OpUG2p < 



1=1 



|i^.,.l(2p)^^'^2l"'^'l+l^<^'l= ^ (2e^y2^)i"'^'l+'^'^'l|F„,,| 



sup G(z, z) where 

lkl|a,p.||z||a,p<2r 



G(.,z-) 5: (2e-'y2;^)l"<^'l+l^' 

|a(2)+^(2)|>rf 



(7.59) 
(7.60) 



By (fr42|) . for all ||z||q,p, \\z\\a,p < 2r, the vector {u*,u*) defined by 

u*=u*:=2e'y%, jel, u* -.^ {R/i8r))\z,\ , u* := {R/{8r))\z,\ , j e Z\I (7.61) 
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belongs to B11/2 x Bji/2. Then, by (fTTO)) . recalling (H^U, Definition (and since i?/(8r) > 1 by 

G(z,z) < (8r/i?)''(AfF)(u*,r) < {8r/Rf\\F\\Rf2 , \\z\\a..p,\\z\\a,p < 2r . 
Hence by ((73^1) 

||/||s,2.,o,uo., < (8r/i?)'^||F||^/2. (7.62) 
This shows that / is M-regular. Similarly we get 

\\dJ\U2r,o,uo,, < |!a„(2,F|Uy2(8r/i?)'^-i , same for d, . (7.63) 
Moreover, by the chain rule, and (|7.62p 



\\d,J\\s.2r,o,uo,, < {\\d^ii)F\\R/2 + \\d^mF\\n/2)V^P + p/^e-\8r/R)' 
\\dy,f\\s.2r,o,ua., < (||9„a)F|U/2 + ||a^a,F||fi/2)^^===(8r/i?)'^. 

Then ((7311) follows by (fri^ (recalling ^^). ■ 

Definition 7.1. For a monomial m^^p (m^^))"*" (w^^^)'''" (w^^))"'" (u(2))/3''> (as in (EH) we set 

n 

pim^.p) := ^(j,)("^'^ + , U) nrax{l, |j|} . (7.64) 

For any F as in (j7.44p . K €N, we define the projection 

^p>kF := Fa^pma,p , np<_R- := / - ^p>K ■ (7.65) 

P(m„,f,)>A' 

Lemma 7.8. Let F e 'Hb./2- Then 

ll^(np>/ci=')o*lls,'%Clp - 2 ^^"'|l-'^Fo4.|U,2r,C>2p • (7.66) 

Proof. For each monomial ma.p as in (|7.44p with p{ma^p) > K wc have 

/=i 1=1 
and then, G Op, ye 3^2, 

|(m.,,o<i>)(.,,,.,.;e)| ^ |(f + ,)^^eH"--^'^')-."'^-^-| (7.67) 

= 2-^^^^|(2e + 2y)^^^eH"<^'-^'^')-z"'^-'^'='| 
< 2-^|(m„,^o$)(x,2y,z,z;20|. 

The bound (|7.66p for the Hamiltonian vector field follows applying the above rescaling argument to 
each component, and noting that the derivatives with respect to y in the vector field decrease the 
degree in ^ by one. ■ 

Let No, 0, /X, n' be as in Proposition [721 For N > Nq and F e 'Hr/2 we set 

/* TlN,e,^.[iF - TIn,8,^'F) o $) . (7.68) 

Note that Hjv.e,^/ is the projection on the bilinear functions in the variables u,u, while TlN,e,fi in the 
variables x,y,z,z. 
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Lemma 7.9. We have 

||^/*lk.,0, < 2-^ + 1 ||Xf^o*||s,2r,0., . (7.69) 

Proof. Wc first claim that if F = iTia,^ is a monomial as in (|7.44|) with p{ma,p) < then /* ~ 0. 

Case 1: nxa p is (A^, 6*, ^')-bilinear, see Definition 13.21 Then Hn g ^'ma p = ma p and /* = 0, see 
(EMI). 

Case 2: ma^p is not (A^, 6*, /^')-biHnear. Then n7v,e,^t'Tna,^ = and /* = nAr,6i,^(mQ,^ o $), see 
(|7.68p . We claim that ma,^ o $ is not {N, 6, /i)-bilinear, and so /* = IlN,0,ti{ma,i3 o $) = 0. Indeed, 

m„,, o $ = (C + (7.70) 
is (A^, 0, //)-bilinear if and only if (see Definitions 13.21 and 13. ip 

\mf + Pf^) < ^iN\ \m\M>ON, |a«-/3W|<^^ (7.71) 

We deduce the contradiction that m^,^ = (lif^')"*" (w*^))'^''' (w^^))"*'' (m(2))'^'''u^<' is (N,e,^l')- 
bihnear because (recall that we suppose p{ma,p) < N'^) 

E + + E + /3f )'^<^P(ma,/3) + /iiV^ < + HN^ ^ /i'^^ . 

1=1 jez\x 

For the general case, we divide F = Hp^j^bF + Hp^p^bF. By the above claim 

/* = nN.e.^.[{{id - njv,0,^')np>AroF) o = ^^^,e,^((^p>^^.(/c^- 0^,9,^-)^) o $ 

Finally, ((T!M)) follows by ((^^ and applying Lemma [TE to (np>Arb(/d - nAr,e,^/)F) o $. ■ 

Lemma 7.10. Let F e Tr/2{N,0,h') with np>^6F = 0. T/ien Fo $(.;^) e TsM^^^^ t^')' e 
Op U . 



Proof. Recalling Definition 13.31 we have 

F^ E F'^-'"'(s(m),am + a'n)M>^' with i^'^''^'(<;,/i) e/:^/2(iV,A<',/i). 

|Tn|,|ri|>6IAf,(T,(T' = ± 

Composing with the map $ in (|7.40p . since m, n ^ I, we get 

i^o$= E i^'"''''(s(m),crm + CTn) o . 

a,rT' = ± ,|Tn|,|ri|>6IAf 

Each coefficient F"^'"^ (s(m), am + a'n) o $ depends on n, to, cr, cr' only through s(to), am + cr'n, cr, cr'. 
Hence, in order to conclude that Fo<I> g Ts,2r{N, 9, /i') it remains only to prove that F'^''^ (s(m), (Tm + 
a'n) o $ G £s,2r{N, /x', ctto + cr'n), see Definition 13. II Each monomial mo,.^ of F"^'" (s(m), am + a'n) £ 
Cji/2{N, fi', am + a'n) satisfies 

n 

E("J' + + E ("j- + < t^'N"^ and p(ma,^) < iV" 

1=1 iez\x 

by the hypothesis np>^bF = 0. Hence rriQ^^ o $ (sec (|7.70p ') is {N, ^')-\ow momentum, in particular 
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Proof of Proposition [77^ Since F e 2^/3(^0, m') (sec Definition [Xil) . for all N > Nq, there 
is a Toplitz approximation F £ TR/2{N,d, fi') of F, namely 

IlN^e.^,F = F + N-^F with ||X^||«/2, ||X^||^/2 < 2j|i^|||/2 . (7.72) 

In order to prove that / := F o $ e Qjr(-^o, ^, m) '^e define its candidate Toplitz approximation 

f ■.= nN,eAi^p<N^F)°^)^ (7-73) 

see ([TJS)) . Lcmma FTTOl applied to np^^rb^F e Tr/2{N, 9, fi') implies that {Up^NiF)o^ e Ts,2r{N, 9, /i') 
and then, applying the projection IlN,e,ii we get / € Ts,2r{N, 9, ^) C Ts,r{^, 9, Moreover, by (|7.73p 
and applying Lemma [7T71 to H^^js^bF (note that IIp^^bF is either zero or it is in '^i^h d > 2 

because it is bilinear), we get 



< i8r/Rr-'\\F\\l^2M^'- (7.74) 

Moreover the Toplitz defect is 

NnN,e,MP -F)o<i>)+ NnN,0,^.{{F - U^^^.F) o $) 

njv,e,M(^°*) + ^nw,e,M((J^-njv,e.M'^) +^njvAM((np>jv'>^)°*) 

^ TlN.eAF ° *) + Nf* + NIlN,eAO^p>N^F) o $) . 
Using (Hini), Lemmata EiH] and [m imply that, since iV2~^+^ < 1, ViV > iVo by (TTTT)) . 

ll-'^/ll s,r,C)p < l|-'^Fo$lls,'%Clp + ^2"~+^(|iXFo*|U,2r,C)2p + Fo<S.\\s,2r,02p) 

< ||-'^i7'o$ll.5,2r,Op + ||-'^Fo*||s,2r,C)2p + ll-'^Fo* II .5,2r,02p 

< (8r/i?)'*-2(||X^||^/2 + ||^FiU/2 + ||^^IU/2) (7.75) 

^ (8r/i?)'^-2||F|||/2,^„,,,^, (7.76) 

(to get (|7.75p we also note that F,F,F<E 'Hf(/2 with d ~ 0,1, unless are zero). 

The bound fTm follows by (1731) . (ITTi)) . (TTTSl) . ■ 
Wc conclude this subsection with a lemma, similar to Lemma [7771 used in Lemma [7.121 (see (|7.90D ). 

Lemma 7.11. Let F E 'Hr/2, f F o ^ and f{x, y) :— f{x, y, 0, 0) — f{x, 0, 0, 0). Then, assuming 

||^/||s,2,.,OpU02p<II^F|U/2. (7.77) 

Moreover if F preserves momentum then so does f. 

Proof. We proceed as in Lemma [7771 The main difference is that here there are no (z, z)-variables 
and the sum in (j7.56p runs over i 7^ 0. Then in the product in (j7.57p (at least) one of the sums 
is on ii > 1. Therefore we can use the second estimate in (|7.52p gaining a factoi0 8r^/p (since 
|yi|/l6l — 8r'^/P by (17.411) ). Continuing as in the proof of Lemma 17771 we get (recall (|7.54p with d — 0) 



irr42i 

||^/||.,2.,OpU02p <(^Vp)(^/^)"'ll^F||fl/2 < II^f||f,/2 



proving (|7.77D . 



^Actually we have the constant 3 instead of 2 in I I7.58I I and Se" instead of 2e" in 117.591 1 and I l7.61t . 
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7.3 Proof of Theorem [TTTl 

Wc now introduce the action-angle variables (|7.40p (via the map (|7.39p ) in the Birkhoff normal form 
Hamiltonian (j7.8p . Hence we obtain the parameter dependent family of Hamiltonians 



H' := i/Birkhoff o $ = + P (7.78) 

where (up to a constant), by (|7.6p . 

N := uj{e,) ■ y + n{S^)zz , P:=^Ayy + Byzz + G{z,z)+K'{x,y,z,z;^), (7.79) 

u{0-=io + A(,Cu:={Xj,,...,\jJ, r!(0:-f^ + Se, f^:-(A,),ez\i, (7.80) 

A - iAih)i<i,h<n , Aih 12(2 - Sm) , B = (P,7)jez\i,i<(<« , 24 , i^' A' o $ . (7.81) 

The parameters ^ stay in the set Op defined in (|7.4ip with p = C^,R^ as in (I7.42p . As in (|4.6p we 
decompose the perturbation 

P^Pon+P where Poo(a;; - -^"(•^, 0, 0, 0; , P := P - Pm ■ (7.82) 

Lemma 7.12. Let s,r > as in (j7.42[) and N large enough (w.r.t. m,X, L,b). Then 

WXpJU.r < R'r-\ \\P\\lr,N,2.2<r'+R'r-' (7.83) 

and, for A > 0, 

\XpJl,<{l + X/p)R'r-\ \Xp\^^,<{l + X/p){r' + R'r-'), (7.84) 

for ^ belonging to 

0(p):={eeM" : ^p<^i<^p, l^l,...,n} cOp. (7.85) 
Proof. By the definition (j7.82p we have 



\XpJ\s,r "< \\XK'\\s,r <" \\K'\\lr,N,2.2 = 1 1 ^ ° I' 1 1 ^.,7V,2,2 

ma / 7. \ -2 

(^^j 11^^ ll_R/2,Ar,2,2 

(applying (|7.48p with d 0, Nq N, 9 2, p 2, p.' 3) and taking large enough so that 
([7TT7|) holds. Take also N > defined in Proposition [TTH Then by f7M\i we get 

J335t / r N -2 mot / T- N -2 



< (0) 1^^I1W2.2 (7- 



II^Pooll..- < [j^) \\KrH/2.Nl„2.2 < [jl) R^<^ 

proving the first estimate in (j7.83p . Let us prove the second bound. By (|7.82p and (j7.79|) we write 

P=^Ayy + Byzz + G{z, z) + A'l + A'2 (7.87) 

where 

K, := K'{x, y, z, z; ^ - K'{x, y, 0, 0; , := K'{x, y, 0, 0; " K'{x, 0, 0, 0; ■ 

Using ((7?71) (note that r < i? by ([7^ ) for A^ > A^o large enough to fulfill ([XT]) , we have by 

1 ^ T 

-Ayy + Byzz + G{z,z) <r^. (7.88) 



2 



s.r,N,2.2 
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By ((7^ (with d 1, No N, fj, 2, 3), for N > No{m,I, L, b) large enough, we get 

ll^i|lL,^,2.2<f^)"'^'<?- (7.89) 



\R 

Moreover, since K2 does not depend on (z, z), we have 



\\K2\\lr,N,2.2^ \\XK.\\s,r < \\Xk\\b/2 < II II S/2,iV/,.2,3 < • (7-90) 

In conchision, ((7?F7|) . ((7?55)) . ([7^ . (fTMl) imply the second estimate in ([7^ : 

ll^llL,JV,2,2<'^' + — < +V 

Let us prove the estimates (j7.84p for the Lipschitz norm defined in (j2.88p (which involves only the 
sup- norm of the vector fields). First 

I^PooU,. < II^PoolU,.- < R'r-\ \XpU,r < \\Xp\\s,r < \\P\\lr,N,2.2 < + R't-' 

Next, since the vector fields Xp^^, Xp are analytic in the parameters ^ G Op, Cauchy estimates in 
the domain 0{p) C Op (see (fTHS)) ) imply 

\XPoo\Z,oip) < P~'\Xpookr,o, < R'r-^ \Xp\Z,oip) < P~'\Xp\s,r^o, < + R'r-' 

and (|7.84p are proved. ■ 

All the assumptions of Theorems I4.1ll4?2] are fulfilled by H' in (|7.78p with parameters ^ S 0{p) 
defined in (fTSSl) . Note that the sets C = [p/2,p]" defined in Theorem |42] and 0{p) defined in (fTHBI) 
are diffeomorphic through i-> (7/9 + 2^i)/I2. The hypothesis (AI)-(A2) follow from (f?\M| . ((7^ 
with 

a(0 = 24 ^ a, and Afo = 24+||A||. 
;=i,...,?i 

Then (A3)-(A4) and the quantitative bound (|4J)) follow by ((L8^ - !(L8^ . choosing 

s = I, r = R^+i , p = C^R^ as in ^T^ . N as in Lemma [7J2l 6* = 2, p ^ 2, 7 = , (7.91) 

and taking R small enough. Hence Theorem 14.11 applies . 

Let us verify that also the assumptions of Theorem l4 . 2 1 are fulfilled. Indeed (|4.13p follows by (|7.80p . 
(fTM]) with a = 24(1, . . . , 1) e R". The matrix A defined in (fTM]) is invertible and 

1 



Finally the non-degeneracy assumption (|4.14p is satisfied because A = A and 

2A-ia=^-^(l,...,l)^Z"\0. 
We deduce that the Cantor set of parameters Ooo C O in (|4.1ip has asymptotically full density because 

The proof of Theorem II. II is now completed. 
Remark 7.1. The terms A-s^ in (|1.2p contribute to the Hamiltonian (j7.ip wit/i monomials of 

k>5 

order 6 or more and (|7.8p /lo/iis ('wit/i a possibly different K satisfying (|7.10p ). On t/ie contrary, the 
term f^s'^ in p.2p would add monomials of order 5 io i/ie Hamiltonian in (|7.ip . Hence (j7.10p /lo/ds 
wit/i i?'^ instead of R^. This estimate is not sufficient. These 5-th order terms should be removed by 
a Birkhoff normal form. For simplicity, we did not pursue this point. 
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8 Appendix 



Proof of Lemma [^.141 We need some notation: we write E = (Bj=iEj, Ei := (C", | |oo), E2 := 
(C", I Ez := E4 := so that a vector v = {x, y, z,z) G E can be expressed by its four components 
w'^' e Ej, u^^^ := X, v^^'> := y, u^^' -.^ z,!;^'*) := z, and the norm is 

4 1^0) 1^ 

\\v\\E.s,r -^/^ wherepi=s, p2 = , p^=pi^r. (8.1) 

We are now ready to prove (|2.65p . By definition 

Ila-'«^(^')ll£((i^.s,r);(£;.s^r')) := sup ||dX(i;)[yj H^.g/,,.- = sup > ; 

\\Y\\E,s.r<l \\Y\\E.s.r<l~[ Pi 

sup > ^ ^ 

l|y||E.=..-<l^ 
4 

< sup ^ 



II^IIe.=,-<i,;j=i 



< sup ^ l.\\d^,^,x(^\v)\\ciE„E.)\Y^'^\E, 
\\Y\\e.s,.<1,^1 Pi 



< sup sup > — _^|ru;|^^ 

ll>'llE,=,r<ise£'(s,r) --l^^ (Pj - Pj) 
by the Cauchy estimates in Banach spaces. Then 

\\dX{v)\\c((E,.s,r);{E,s',r')) < 



sup ±pi\imE. 

D{s,r)^^Pi Pi \\Y\\E.s.r<l'~[^ Py P] 



veD{s,r) -^^ Pi 

HID o- / p'\-i 

< max ^ max 1-— sup \\X(i)\\E s r < 4:6-'^\XL r 

i=l^...A p[ j=l,...A\ PjJ ijeD{s,r) 

by (12321), (EUl). This proves ^M). ■ 

Proof of Lemma 17.21 We first extend Lemma 4 of [25] proving that: 

Lemma 8.1. IfO<i<j<k<l with i±j±k±l = for SOME combination of plus and minus 
signs and {i,j,k,l) 7^ {p,p,q,q) for p,q G N, then, there exists an absolute constant c > 0, such that 

I ± Aj(m) ± Aj(m) ± Afc(m) ± Ai(m)| > cni{i^ + m)"^/^ (8 2) 

for ALL possible combinations of plus and minus signs 

Proof. When i > it is a reformulation of the statement of Lemma 4 of [25] ■ Let us prove it also for 
i ~ 0. Then j ± k ± I = for some combination of plus and minus signs. Since (i, j, k, I) ^ (0, 0, q, q), 
the only possibility is Z = j + fc with j > 1 (otherwise i = j = and k = I). We have to study 

(S(m) := ±Ao(m) ± Aj(m) ± Afe(m) ± A/(m) 

for all possible combinations of plus and minus signs. To this end, we distinguish them according to 

their number of plus and minus signs. To shorten notation we let, for example, (5+^ ^ = Aq + A^ — 

\k + A;, similarly for the other combinations. The only interesting cases are when there are one or 
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two minus signs. The case when there are no (or four) minus signs is triviaL When there are 3 minus 
signs we reduce to the case with one minus sign by a global sign change. 

One minus sign. Since (5+^ |_, 6^ |-+, 5 |-+_|_ > (5++-| := 5 we study only the last case. We have 

S{0)=j + k-l = 0, ,S'(m) = i('l + l + ^_l') >^= 1 . 

2 \\o \j Xk \i J 2Ao 2Vm 

Therefore 5{ra) > \/m > cm(l + m)"''^^ for an absolute constant c > 0. 

Two minus signs. Now we have S | y, S |_+ > (5_| y and all other cases reduce to these ones by 

inverting signs. So we consider only S = 6-i |-. Since the function f{t) :~ \/t^+in is monotone 

increasing and convex for t > 0, we have the estimate 

Ai - Afc > Aj_p - Afe_p , VO<p<fc. (8.3) 

Hence A/ — A^ > Aj+i — Ai and Aj+i — A^ > A2 — Ai (using j = I — k > 1). Therefore 

(5 = Ao - Aj - Afc + A; > Ao - \j - Ai + A^+i > A2 - 2Ai + Aq > m(4 + m)"^/^ . 

The last inequality follows since f"{t) ~ m.{t^ + m)^^/^ is decreasing and A2 — 2Ai + Aq = /(2) — 
2/(1) + /(O) = /"(O > /"(2) for some ^ € (0, 2). ■ 

We complete the proof of Lemma \77I[ We first consider the trivial cases (|7.12p - (j7.14p . 
CASE ((7T2)) . Since ^cr, 7^ is even, (TTTe)) follows by 

i 

\a ■ Aj.| = I (7,Xq\ > 2Ag 2VH > m(l + m)"^/^ . 

i 

CASE (|7.13p . By (7 • j*= (0-3 + 0-4)5 = 0, g 7^ 0, we deduce 0-3 = -0-4. Hence (|7.16p follows by 

|cr • Ajl = |(cri + cr2)Ao| = 2y/^ > m(l + m)-3/2 
CASE (j7.14p . Since j — {p,p, — p, — p) and ci = (72 then a ■ j = implies (73 = = a2 and 

|cr • Ajl = |4Ap| ^ ^^Jf- + m > m{j? + m)"'''/^ ^ 

CASE (|7.15p . Set |ji| =: i , |j2| =: j, IjsI fc, 1^41 =: I- After reordering we can assume < i < 
j < k < I. Since, by assumption, a ■ j'= 0, the following combination of plus and minus signs gives 
s(ji)(Tii + s(j2)CT2j + s(j3)CT3fc + s(j4)ct4/ = 0. Hcucc Lemma [8.11 implies (j7.16p for every j except 
when = IJ2I and |j3| = \ji\ (in this case i = j and k = I and Lemma l8. II does not apply). We now 
prove that (|7.16p holds also in these cases. We have that (? • Aj- = (<ti + a'2)^ji + (fs + 0'4)Aj3 where 
Ca + Cfe = 0, ±2 so that (|7.16|) holds trivially unless cti + (T2 = —{o's + o"4)- We consider this last case. 
If cTi +CT2 = -(0-3 + 0-4) = then the equality a-j = cri(ii -^2) + o-3(i3 -^4) = implies that ji, . . . , j4 
are pairwise equal, contrary to our hypothesis. If ai + a2 ~ ±2 and i :~ \ ji\ < k := [j^l then 

\a ■ Ajl > 2Aj3 - 2Aj, = 2Afc - 2 A, > 2Xk-t - 2Ao > 2Ai - 2Ao > l/Vl + m 

giving (j7.16p . If ~ \j2\ = Ijsl = Iji] and cri + 0-2 = — (fs + ^"4) = ±2 then the relation <t ■ j ~ 
+ J2 ~ is ^ ji) ~ implies that the ji, . . . , J4 are pairwise equal, contrary to the hypothesis. ■ 
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